PL> 4 -COMPLEXES AND 2-DIMENSIONAL DUALITY GROUPS 



JONATHAN A. HILLMAN 



Abstract. This paper is a synthesis and extension of three earlier papers on 
PZ)4-complexes X with fundamental group tt such that c.d.ir = 2 and tt has 
one end. Our goal is to show that the homotopy types of such complexes are 
determined by tt, the Stiefel- Whitney classes and the equivariant intersection 
pairing on tt2(X). We achieve this under further conditions on tt. 



It remains an open problem to give a homotopy classification of closed 4-manifolds 
or Pi?4-complexes, in terms of standard invariants such as the fundamental group, 
characteristic classes and homotopy intersection pairings. In |19) it is shown that if 
X is orientable and H2(X; Q) ^ the homotopy type of X is determined by its Post- 
nikov 2-stage P2{X) and the image of the fundamental class [X] in Hi(P2(X)\ Z), 
and if tt is finite and of cohomological period dividing 4 this image is in turn deter- 
mined by the equivariant intersection pairing. The first part of this result has been 
extended to all PZ^-complexes by Baues and Blcile, who show that PD4-complexcs 
X and Y are homotopy equivalent if and only if there is a homotopy equivalence 
h : P2PO — > PiiX) sucn that h*w\{Y) = w\{X) = w, say, and which carries 
the image of [X] in H 4 {P 2 (X);Z W ) to the image of [Y] in H A (P 2 (Y);Z W ). They 
also give a homotopy classification of PP/4-complexes (up to 2-torsion) in terms of 
homotopy classes of chain complexes with a homotopy commutative diagonal and 
an additional quadratic structure [6]. However, there is still the question of how to 
characterize the classes in Hi(P2(X)\'L w ) which correspond to PP/4-complexes. 

We shall extend the work of [TH] to relate these classes in #4^2(^)5 Z 10 ) to 
intersection pairings, for certain cases with tt — tt\{X) infinite. The central idea is 
that of "strongly minimal PP/4-complex" , one for which the equivariant intersection 
pairing is identically 0. (We shall in fact use the equivalent cohomological pairing.) 
This idea is particularly useful when c.d.TT < 2, for every PZ)4-complex with such a 
group has a strongly minimal model. This class of groups is both tractable and of 
direct interest to geometric topology, as it includes all surface groups, knot groups 
and the groups of many other bounded 3-manifolds. 

The first two sections are algebraic. In particular, Theorem 2 (in §2) establishes 
a connection between hermitean pairings and the Whitehead quadratic functor Tyy- 
Sections 3-8 consider the homotopy classification of PZ^-complexes, and introduce 
several notions of minimality. The first main result is in §7, where it is shown 
that two PD4-complexes X and Y with ki(X) = ki(Y) = and with the same 
strongly minimal model are homotopy equivalent if and only if their intersection 
pairings are isometric. Sections 9-13 consider the existence of strongly minimal 
PP4-complexes, for various classes of fundamental groups. The next five sections 
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lead to the second main result, Theorem [36] (in §17), which shows that strongly 
minimal PZ?4-complexes X such that 7r = tt\(X) has c.d.n — 2 and one end may 
be distinguished by their Stiefel- Whitney classes, provided that 7L W ®«j Tvy(n) is 
2-torsion free, where II = 7r 2 (A) = H 2 (tt; Z[tt}). This theorem is modeled on the 
much simpler case when 7r is a surface group, which is analyzed in §14. Apart from 
the notion of minimality, the main technical points are the connection between 
hermitean pairings and T^y, the fact that a certain homomorphism defined via a 
"cup product" is an isomorphism (Theorem |33j) , and the condition on 2-torsion. 
In [29], we showed that the cup-product condition held for surface groups, torus 
knot groups and solvable Baumslag-Solitar groups. Here we show that it holds 
for all finitely presentable groups tt with one end and c.d.n = 2 (Theorem |3"6")) . 
The 2-torsion condition is still only known for the solvable Baumslag-Solitar groups 
(Lemma [38]) . The final section considers the classification up to TOP s-cobordism or 
homeomorphism of closed 4-manifolds with groups as in Theorem 1361 In particular, 
it is shown that a remarkable 2-knot discovered by Ralph Fox is uniquely determined 
up to TOP isotopy by its knot group. 

The theme of Hambleton, Kreck and Teichner [3T] is particularly close to that of 
this paper, although their methods are very different. They use Kreck's modified 
surgery theory to classify up to s-cobordism closed orientable 4-manifolds with 
fundamental groups of geometric dimension 2 (subject to some K- and L-theoretic 
hypotheses), and they show also that every automorphism of the algebraic 2-type 
is realized by an s-cobordism, in many cases. (They do not require that the group 
be one-ended, which is a restriction imposed by our arguments. However, when the 
group is free there is a simpler, more homological approach, which also uses the 
ideas of §2 below [26]. See also §13 below.) 

This paper is a synthesis and extension of three earlier papers [27] [28J [29] on 
PD4-complexes X with fundamental group tt such that c.d.TT = 2 and tt has one 
end. Apart from the benefits of revision, the main novelties are Theorem [33J and 
the clarification of the role of the refined «2-type. 



1. MODULES AND GROUP RINGS 

Let w : tt — > Z x = {±l}bea homomorphism. (This shall represent the orien- 
tation character for a PZ)„-complex with fundamental group tt. We shall at times 
view it as a class in i? 1 (7r;F2).) Define an involution on Z[7r] by g — w(g)g^ 1 , for 
all g £ tt. Let Z and 12" be the augmentation and w-twisted augmentation rings, 
and e : Z[7r] — > Z and e w : 1\tt\ — > Z w be the augmentation and the w-twisted 
augmentation, defined by e(g) = 1 and s w (g) = w(g), for all g G 7r, respectively. 
Let I w = Ker(e„,). 

All modules considered here shall be left modules, unless otherwise noted. How- 
ever if L is a left Z[7r]-module the dual Hom%^ (L, Z[7r]) and the higher extension 
groups Ext l -^^(L ^7L\k\) are naturally right modules. If J? is a right Z[7r]-module 
let R be the corresponding left Z[7r]-module with the conjugate structure given 
by g.r = r.g, for all g £ Z[7r] and r 6 R. Let = Hom^] {L, Z[7r]) and 
E l L = Extf^, JL, Z[tt]), for i > be the conjugate dual left modules. If L is 

free, stably free or projective then so is E°L = iJ . We shall consider Z and 1 W to 
be bimodules, with the same left and right 7r-structures. (Note that Z = Z 1 ".) 
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The modules E q 7L = H^(Tv;7i[Tr]) with q < 3 shall recur throughout this paper. 
In particular, E°"Z = 7L W if ix is finite and is otherwise, while E^Z reflects the 
number of ends of 7r. It is if 7r is finite or has one end, infinite cyclic if 7r has two 
ends (i.e., is virtually infinite cyclic) and is free abelian of infinite rank otherwise. 

Lemma 1. Let M be a Z,[n]-module with a finite resolution of length n and such 
that E i M = fori <n. Then Aut(M) Aut(E n M). 

Proof. Since E l M = for i < n the dual of a resolution of length n for M is a 
finite resolution for E n M. Taking duals again recovers the original resolution, and 
so E n E n M = M . It f E Aut(M) it extends to an endomorphism of the resolution 
inducing an automorphism E n f of E n M . Taking duals again gives E n E n f = f. 
Thus / h-> E n f determines an isomorphism Aut(M) = Aut{E n M). □ 

A group 7r is an n- dimensional duality group over Z if the augmentation Z[7r] 
module Z has a finite projection resolution of length n, H l (ir; Z[w]) = for i < n 
and the dualizing module V = H n (ir\ Z[7r]) is torsion free. (See Theorem VIII. 10.1 
of 0.) Since V = E n Z, Lemma 1 then implies that Aut(V) = {±1}. Finitely 
generated free groups are duality groups of dimension 1. If 7r is finitely presentable 
and c.d.TT = 2 then H 2 (ir; Z[7r]) is 0, Z or free abelian of (countably) infinite rank, 
by Proposition 13.7.12 of [TS]. Hence tt is a duality group of dimension 2 if and 
only if it has one end. 

Let F(n) be the free group with basis {x\, . . . , x n }. The augmentation ideal of 
Z[F(n)] is freely generated by {xi — 1, . . . , x n — 1} as a left Z[F(n)]-module and so 
we may write 

w - 1 = T, 1<i<n ——(x t - 1), 
ox l 

for w 6 F{n). Since vw — 1 = v — 1 + v(w — 1), for all v,w £ F(fi), the Leibniz 
conditions 

<9xi cfei ctei 

hold for all v, w e F(n) and 1 < i < n. In particular, = and = -w^ 1 ^-, 
for 1 < i < n. We may extend these functions linearly to "derivations" of Z[i 7 '(ri)]. 

Now let 7r be a group with a finite presentation V — {x-y, . . . , x g \u>i, . . . , w r ) v , 
where 93 : F{g) — > 7r is an epimorphism with kernel the normal closure of {u>i, . . . , w r } 
Let def(V) = g — r be the deficiency and C(P) be the 2-complex corresponding 
to this presentation. Then x(C(V)) = 1 — def{T). A choice of lifts of the q- 

cells of C(P) to the universal cover C{V) determines a basis for C q (C(V)) as a 
free left Z[7r]- module. It is not hard to see that the differentials are given by 
di( c i ) = (<p(%i) ~ l)co and ) = Si< i < g ^(^- )c^. (We extend ^ linearly 

to the group rings.) We may identify the module of 0-cycles Zq(C(V)) with the 
left Z[7r]-module Thus if we view the free modules C q (C(V)) as modules of 

column vectors then I(jr) has a g xr presentation matrix with (i, j)th entry ^{-^r)- 

2. THE WHITEHEAD FUNCTOR AND HERMITEAN PAIRINGS 

Let A and B be abelian groups. A function / : A — > B is quadratic if /(—a) = 
/(a) for all a G A and if /(a + 6) — /(a) — /(&) defines a bilinear function from 
A x A to B. The Whitehead quadratic functor T\y assigns to each abelian group 
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A an abelian group Lvy(A) and a quadratic function 7 a ■ A — > IV (.A) which is 
universal for quadratic functions with domain A. The natural epimorphism from 
A onto A/2A = ¥2 <8> A is quadratic, and so induces a canonical epimorphism from 
IV(yl) to A/2 A. The kernel of this epimorphism is the image of the symmetric 
square AqA under the homomorphism s from AQ A to Tw(A) given by s(aQo) = 
7a (a + b) — 7a (a) — 7a(o)- Thus there is an exact sequence 

A A — ^— > T W (A) -> A/2A -> 0. 

(See page 13 of [5]). This sequence is short exact if A is torsion- free. 

If A and B are abelian groups the inclusions into A © B induce a canonical 
splitting T W (A © 5) = IV (A) © IV (B) © (A <g> B). Since L(Z) = Z it follows by 
a finite induction that if A = Z r then IV(^ r ) is finitely generated and free, and 
that s is injective. If A any free abelian group, every finitely generated subgroup of 
such a group lies in a finitely generated direct summand, and so IV (Z r ) is again 
free, and s is injective. 

A w-hermitean pairing on a finitely generated Z[7r]-module M is a function b : 
M x M — > Z[ir] which is linear in the first variable and such that b(n, to) — 6(m, n), 
for all m,n G M. The adjoint homomorphism b : M —> M' is given by b(n)(m) — 
b(m, n), for all m, n G M. The pairing 6 is nonsingular if 6 is an isomorphism. 

Let Her w (M) be the group of lu-hermitean pairings on M. Let evM(jn){n, n') = 
n(m)n'(m) for all to G M and n, n' G ML Then evM(m)(n,n') is quadratic in 
to and w-hermitean in n and n! and evM(gm) = w(g)evM(m) for all g G ir and 
to G M. Hence euM determines a homomorphism 

B M ■■ % w ® ZM IV(M) Her w {M^). 

Let M M = Z 1 " © z[7r] (M Z M), where MQM has the diagonal ^-action, given 
by g(m n) = gn, for all g G n and m, n G A/. 

Theorem 2. Let it be a group, w : 7r — ► Z x a homomorphism and M a finitely 
generated projective Z,[Tr]-module. //Ker(w) ftos no element of order 2 i/ien £?m *s 
surjective, while if there is no element g G 7r of order 2 swc/j i/iai w{g) = — 1 then 
Bm is injective. 

Proof. Since M is a free abelian group there is a short exact sequence 

O->M0M-> T W (M) -> M/2M -> 0, 

and IV(.M) is free as an abelian group. This is a sequence of Z[7r]-modules and 
homomorphisms. Since M is projective, Z w 0z[tt] M is also free as an abelian group. 
Hence the sequence 

-> M © w M -> 12" z[7r] T W {M) -> Z' 1 " © z[7r] M/2M = F 2 z[7r] M -> 

is also exact, since Torf W (Z tt , M/2M) = Ker(2 : Z w © z[7r] M -4 Z" 1 ® z[7r] M) = 0. 
Let r?M : M — » Z" 1 ©x[tt] Lw(M) be the composite of 7m with the reduction from 
Lvy(Af) to Z" 1 ©z[tt] IV(Af). Then the composite of t\m with the projection to 
F2 0z[tt] M is the canonical epimorphism. Let [to n] be the image of to n in 
M T M. 

Suppose first that M is a free Z[7r]-module, with basis e±, . . . , e r , and let e*, . . . , e* 
be the dual basis for M* ', defined by e*(e,) = 1 and e*(ej) = if i 5^ j. Since 
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[to gn] = [g(g 1 m n)] — [gm o n] in M T M, the typical element of M W M 
may be expressed in the form fj, = £j<j (r^ei) ej. For such an element 

b m (m) ( e fe , e z* ) = r ki , for k < I , 

and 

B M (p)(e* k: e*) = r kk + f kk , for fc = Z. 
In particular, B M (n) is even: if e 2 : - > F 2 is the composite of the aug- 
mentation with reduction mod (2) then £ 2 (Pm (m) (?L n )) = f° r au n € ML If 
m G M has nontrivial image in F 2 0z[u-] M then e 2 (e*(m)) ^ for some i < r. 
Hence Bm(i)mW) is not even, and it follows easily that Ker(PM) < M ©,r M. If 
Bm(h) = 0, for some /i = Ej<.,- (r^ei) e^, then r^; = 0, if fc < Z, and ru + fa = 0, 
for all i. 

If 7r has no orientation reversing element of order 2 and Bm(m) = 0; where 
/i = Si<j {rij€i) ej, then = T, ge pu\ai g (g — g), where F(i) is a finite subset of 7r, 
for 1 < i < r. Since ((5 — g)ei) = it follows easily that [i = Y,(ruei) e, = 0. 
Hence PAf is injcctive. 

To show that Bm is surjective when Ker(w) has no element of order 2 it shall 
suffice to assume that M has rank 1 or 2, since h is determined by the values 
hij = h(e*,e*). Let e w [m, to'] be the image of m to' in 12" ®z[k\ IV(M). Then 

-Bm(£uj[ to ; rn'])(n, n') = n{m)n' {m') + n(m')n'(m), 

for all to, to' G M and n, n' € ML Suppose first that M has rank 1. Since /in = /in 
and Ker(u>) has no element of order 2 we may write /in — 2b + S + Y lge p(g + g), 
where 6 = 6,<5=lor0 and F is a finite subset of 7r. Let 

M = £w[(b + S + H geF g)e 1 ,ei] + Sr] M (ei). 

Then Bm^^ii e*) = /in. If M has rank 2 and /in = /122 = let \l — e w [hi2ei, e 2 ]. 
Then Bm{^){&* , e|) = /ijj. In each case Bm(i«) = Zi, since each side of the equation 
is a w-hermitian pairing on ML 

Now suppose that M is projective, and that P is a finitely generated projective 
complement to M, so that M © P = Z[7r] r for some r > 0. The inclusion of M into 
the direct sum induces a split monomorphism from rV(M) to F^(Z[7r] r ) which 
is clearly compatible with Bm and B Z [^r. We may extend an hermitian pairing 
h on Mt to a pairing /ii on M* © pt by setting hi(n,p) — hi(p',p) = for all 
n G M^ and p,p' G PL Clearly /ii|mxm = Zi and so this extension determines a 
split monomorphism from Her w {M^) to Her w ((Z[n] r )' i ). If Zii = Bx,[ n ]r(9) then 
/i = Bm{0m), where 9 m is the image of 9 under the homomorphism induced by 
the projection from M P onto M. Thus if Pz[7r] r is a monomorphism or an 
epimorphism so is Bm- □ 

In particular, if 7r has no 2-torsion then Bm is an isomorphism, for any projec- 
tive Z[7r] -module M. The restriction on 2-torsion is necessary, as can be seen by 
considering the group G = Z/2Z — (g \ g 2 ) with w trivial and h the pairing on 
M = Z[G] determined by Zi(to, n) = mgn. 

The summand M®E of Tw(M®E) has the diagonal left Z[7r]-module structure. 
Let d : M -> M tf and i : Z0 z[Tr] {M®E) -> Hom z[7r] (M, E) be given by eZ(m)(/z) = 
/i(m) and e)(m) = /u(m)e, for all to G A'/, yu G M^ and e E E. If M is finitely 
generated and projective these functions are isomorphisms (of left Z[7r]-modules 
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and abelian groups, respectively). Let Bm{"i) be the adjoint of Bm(1 ® 7), for all 

7 € rv(M). 

Lemma 3. Let M be a finitely generated projective Z[tt]- module and 9 : M — > E be 
a "L^Ymodule homomorphism. Let ag(m, e) = (m, e + 9{m)) for all (m, e) G II = 
M © E, and let d : M M*t and i : Z ® zw (M ® E) ->• iJom z[Tr] (M, £) 6e i/ie 
isomorphisms defined above. Then ag is an automorphism of II and 

rw(a e )( 7 )-7 = (rf®l)" 1 [(^(7)®l)(^ 1 W)] IVCE), 
for all j G r w (M). 

Proof. The homomorphism ag is clearly an automorphism of II which restricts to 
the identity on the summands E and M , and 

^w{ae){ln{m)) = 7n(m) + 7n(0(m)) 4- m <g> 0(m), 

for all m G M. (See pages 13 and 14 of [5].) 

Let /3 m = Bm(1 <8> lM{m)), for m G M. Now the adjoint homomorphism f} m is 
given by /3 m (/i) = fi(m)d(m). Since £ is surjective we have 9 = £(£/ij Cg>ei), for some 
Mi G Aft and e* G E. Then (£ m (g) 1 (6>)) = S/? m (/i,) <g> e* = Ed(m) ® m{m)ei = 
d(m) ® 6>(m) = (d <g> l)(m ® 0(m)). 

Since r w (a e )( 7 n(m)) - 7n (m) = (d ® l)" 1 ^ (g) l)^ -1 ^))] m °d T W {E), for 
all m G M, and each side is Z-quadratic in m, we have 

%( Q fl)( 7 )-7E( c i®i)- 1 [(^( 7 )®i)(r 1 ^))] mod rv(£), 

for all 7 G IV (M). □ 

3. POSTNIKOV STAGES 

Let X be a based, connected cell complex with fundamental group tt, and let 
px ■ X — > X be its universal covering projection and cx '■ X — > A"(7r, 1) be the 
classifying map. Let : X — > Pfc(X) be the k th stage of the Postnikov tower for 
X. We may construct Pk(X) by adjoining cells of dimension at least k + 2 to kill 
the higher homotopy groups of X . The map fx,k is then given by the inclusion of 
X into Pk(X), and is a (fc + l)-connected map. In particular, P\{X) ~ if = if (tt, 1) 
and cx = is the classifying map for the fundamental group 7r = iri(X). 

Let -Eo(^0 be the group of based homotopy classes of based self- homotopy equiv- 
alences of X, and E„(X) be the subgroup of classes which induce the identity on 

7T. 

If M is a left Z[7r]-module let L n (M,n) be the generalized Eilenberg-Mac Lane 
space over K = K(jr, 1) realizing the given action of n on M. Thus the classifying 
map for L = L V {M, n) is a principal K(M, n)-fibration with a section a : K — > L. 
Let [X; y]x be the set of homotopy classes over K = K(ir, 1) of maps / : X — > Y 
such that cx = cy/. (These may also be considered as 7r-equivariant homotopy 
classes of 7r-equivariant maps from K to L.) We may view L^(M,n) as the ex-K 
loop space f2Z,r(M, n + 1), with section a and projection cl- Let /1 : L x # L — > L 
be the (fibrewise) loop multiplication. Then \i(idh^ac^) = \i(oci,,idi) = idj, 
in Let tM, n G H n (L;M) be the characteristic element. The function 

: [X, X]k — > H n (X;M) given by #(/) = f*iM,n is a isomorphism with respect 
to the addition on [X, L]k determined by /i. Thus 6(idif) = lm,u, 9{acx) = and 
0(jn(f, /')) = 9(f) + 9{f). (See Definition III.6.5 of [1].) 
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In particular, let k\(X) € H 3 (tt;it2(X) be the first k- invariant and fx = fx, 2 be 
the second stage of the Postnikov tower for X. The algebraic 2-type [tt, tt2(X), k\(X)] 
and the Postnikov 2-stage determine each other, and 

ki(X) = » c p 2 (X) has a section P2{X) ~ L Tr (7r 2 (X),2). 

Let L = L 7r (M,2). Then E^{L) is the group of units of [L,L]k with respect to 
composition. We shall use the following special case of a result of Tsukiyama [3J5] ; 
we give only the part that we need below. 

Lemma 4. There is an exact sequence — > H 2 (ir; M) — > E n (L) — > Aut(M) — > 0. 

Proof. Let 9 : [K,L]k — > H 2 (ir;M) be the isomorphism given by 9(s) ~ s*lm.2, 
and let # _1 (0) = for (ft S H 2 (tt; M). Then is a homotopy class of sections of 
Chi so — a and s^+^p — ju(s^, s^), while (ft — s^lm,2- (Recall that /i : L Xk L — s> L 
is the fibrewise loop multiplication.) 

Let hcj, — n(s,pCL,idL)- Then cjji^ — cj, and so £ [L;L]k- Clearly ho = 
fi(ac L ,id L ) — id L and h*^i M ^ = Lm,2 + c l</> S H 2 (L; M). We also see that 

/i^+V = MM s 0j s^)cLiid L ) 
= fi(fi(s^c L ,s^c L ),id L ) 
= v{s<j>c L , n{s^c L ,id L )) 

(by homotopy associativity of /i) and so 

fr<jJ+V = m(s0Cl, ft.,/,) = fi(s0Cr,hip, h^f,) = h^h^. 

Therefore /i^ is a homotopy equivalence for all eft E H 2 (n; M), and (ft ^ h^ defines 
a homomorphism from H 2 (tt; M) to E„(L). 

The lift of /i0 to the universal cover L is (non-equivariantly) homotopic to the 
identity, since the lift of cl is (non-equivariantly) homotopic to a constant map. 
Therefore h$ acts as the identity on M = ^(L). □ 

The homomorphism h : <ft 1— > hs is in fact an isomorphism onto the kernel of 
the action of E„(L) on M 39 , and the extension splits: E„(L) is isomorphic 
to a semidirect product H 2 (tt;M) X Aut(Af). (See Corollary 8.2.7 of [4].) More 
generally, if P = P 2 (X), tt = tti(X) and n = ir 2 (X) then P (P) P 2 (tt; II) X P, 
where P is the subgroup of Aut^ijl) X Awt(7r) which fixes fci(X) £ P 3 (7r;LI) (see 
part II of [37]). This if P = -^(II) every automorphism of tt lifts to a self-homotopy 
equivalence of L, and Eq(L) = E^{L) x Aut(i{). 

Let II = 7T2(X), and let /iwz g : 7r g (X) = 7r g (X) — ► H q (X;Z) be the Hurewicz 
homomorphism in dimension q, for all q > 2. The natural map from II II to 
rw(II) is given by the Whitehead product [— , — ], and there is a natural Whitehead 
exact sequence of left Z[7r] -modules 

^(X) -*m*+ H 4 (X;Z) r w {Tl) n 3 {X) P 3 (X;Z)^0, 

where bx is the secondary boundary homomorphism, and k^s(X) is the second Post- 
nikov invariant in ^(KIJl, 2); w 3 (X)) = Hom(T w {U), tt 3 (X)). (See 03, and 
Chapters 1 and 2 of [5].) 
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4. PZ?4-COMPLEXES AND INTERSECTION PAIRINGS 

Let X be a finitely dominated cell complex, with the natural left Z[tt] -module 
structure. The equi variant cellular chain complex C* = C*(X]Z[it]) of X is a 
complex of left Z[7r]-modules, and is Z[7r]-chain homotopy equivalent to a finitely 
generated complex of projective modules. Let C q — Homz[ n ](C q ,Z[ir]), for all 

q > 0, and let II = tt 2 (X) ^ H 2 (X;Z[n}) = P 2 (C*). Let ev : H 2 (X;Z[n}) -> 11* 
be the evaluation homomorphism, given by eu([c])([z]) = [c] n [z] = c(z) for all 
2-cycles z G C 2 and 2-cocyles c G C 2 . This homomorphism sits in the evaluation 
exact sequence 

o -> p 2 z -> l^p7z[7r]) e " > iP -> p 3 z P 3 (X;Z[tt]). 

(See Lemma 3.3 of [25j.) 

We assume henceforth that X is a PP4-complcx, with orientation character 
w = wi(X). Then X is finitely dominated and X is homotopy equivalent to 
X Q Ucf, e 4 , where X a is a complex of dimension at most 3 and <j> G tt^,(X ) [32] ■ In 
particular, tt is finitely presentable. In [26] and [27] cellular decompositions were 
used to study the homotopy types of PP^-complexcs. Here we shall rely more 
consistently on the dual Postnikov approach. 

Lemma 5. If tt is infinite the homotopy type of X is determined by P^(X). 

Proof. If X and Y are two such PP/4-complexes and h : P?,{X) — > Ps(Y) is a 
homotopy equivalence then hfx,3 is homotopic to a map g : X — > Y. Since n is 
infinite H^X^Z) = H$(Y;Z) = 0. Since 7Ti(g) is is an isomorphism for i < 3 any 
lift g : X — > Y is a homotopy equivalence, by the Hurwicz and Whitehead theorems, 
and so g is a homotopy equivalence. □ 

Let H = H 2 (X;Z[tt}). A choice of generator [X] for H 4 (X; Z w ) S Z determines 
a Poincare duality isomorphism D : H — > H by D(u) = u D [X], for all u G H. 
Moreover H 3 (X; Z[ir}) — 0. The cohomology intersection pairing A : H x H — > Z[tt] 
is defined by X(u,v) = ev(v)(D(u)), for all u, v G ff. This pairing is w-hermitian: 
\{gu, hv) = g\(u, v)h and X(v, u) = X(u, v) for all u,v G H and g, h G tt. If 
X is a closed 4-manifold this pairing is equivalent under Poincare duality to the 
equivariant intersection pairing on II. (See page 82 of [35].) Since X(u, e) — for all 
u G H and e G E = E 2 Z the pairing A induces a pairing Ax : H/E x P/P — > Z[tt}. 
The adjoint Ax is a monomorphism, since Ker(e?;) = E. The P£>4-complex X is 
strongly minimal if Ax = 0. 

In [5] it is shown that a PZ?4-complex X is determined by its algebraic 2-type 
(i.e., by P 2 (X)) together with fx*[X]. (The main step involves showing that if 
h : P 2 (X) — > P 2 (Y) is a homotopy equivalence such that h*u>i(Y) = wi(X) and 
h*fx*[X] = fy*[Y] then h — P 2 (g) for some degree-1 map g : X — > Y .) Our goal 
is to show that under suitable conditions X is determined by the more accessible 
invariants encapsulated in the sextuple [tt,w,uu 2 (X),II, k\(X), Xx]- (This is the 
quadratic 2-type of X, as in [T^], enhanced by the Stiefel- Whitney classes.) If 
Ax ^ then Ax determines w, since Xx(gu,gv) = w(g)gXx(u,v)g~ 1 for all u, v 
and g. 

The next lemma relates nonsingularity of Ax , projectivity of II and H/E and 
conditions on P 2 Z and P 3 Z. 



PD4-COMPLEXES AND 2-DIMENSIONAL DUALITY GROUPS 



9 



Lemma 6. Let X be a PD 4 -complex with fundamental group it, and let E = E 2 Z 
and H = H 2 (X;Z[ir}). Then 

(1) Xx = if and only if H — E; 

(2) if Xx is nonsingular and H/E is a projective 7L\n\-module then E' = P 3 Z; 

(3) if Xx is nonsingular and E* — then E 3 Z = 0; 

(4) if E 1i = then Xx is nonsingular; 

(5) if E 3 Z — and II is a projective Z^-module then E = 0. 

Proof. Let p : II — > H/D(E) and q : H — > H/E be the canonical epimorphisms. 
Poincare duality induces an isomorphism 7 : H/E = Tl/D(E). It is straightforward 
to verify that p^ (7^) _1 Ax<7 — ev, and (1) is clear. 

If Xx is nonsingular then Ax is an isomorphism, and so Cokcr(pt) = Coker(eu). 
If moreover U/D(E) ^ H/E is projective then II = (U/D(E)) D(E). Hence 
nt (U/D(E)y © E\ and so & Coker(pt) = E 3 Z. 

If Xx is nonsingular and E* = then Ax and p^ are isomorphisms, and so 
ev = p^ (j^)~ 1 Xxq is an epimorphism. Hence P 3 Z = 0. 

If E 3 Z = then H/E = Tv and ev = q. Since g is an epimorphism it follows that 

( / Y*)~ 1 Xx — idjju and so is an epimorphism. Since p^ is also a monomorphism 
it is an isomorphism. Therefore Ax = 7^(p^) _1 is also an isomorphism. 

If P 3 Z = and n is projective then E is projective, since n = H = EtBltf , and 
so E^ EH = 0. □ 

In particular, if E 2 Z = then Ax is nonsingular if and only if P 3 Z — also. 

We do not know whether the hypotheses in this lemma can be simplified. For 
instance, is (P 2 Z)t always 0? Does "n projective" imply that E 3 7L = 0? Pro- 
jectivity of and E 2 Z = together do not imply that E 3 7L = 0. For if n is a 
PLVgroup and w — wi(n) then E S Z = for s < 3 and n is stably isomorphic to 
the augmentation ideal of Z[tt], by Theorem 3.13 of [25], and so is stably free. 
However E 3 Z = Z ^ 0. 

If Y is a second PL^-complex we write Ax — Ay if there is an isomorphism 
9 : tt = 7Ti(y) such that w±(X) = w\{Y)0 and a Z[7r]-module isomorphism : 
tt 2 (X) = 8*tt 2 (Y) inducing an isometry of cohomology intersection pairings. 

5. MINIMAL MODELS 

A map / : X Y between PD4-complexes is a degree-1 map if f*w\(Y) = 
wi{X) = w and / induces an isomorphism H 4 {X;Z W ) = H 4 (Y;Z W ). If / : X ->• 
Z is a 2-connected degree-1 map cap product with [X] induces an isomorphism 
from the "surgery cokernel" K 2 (f) = Cok(ff 2 (/; Z[7r])) to K^if), and the induced 
pairing Xf on K 2 (f) x K 2 (f) is nonsingular, by Theorem 5.2 of |42) . 

A P_D4-complex Z with fundamental group 7r is a model for a PP/4-complex X 
if there is a 2-connected degree-1 map / : X — > Z. The "surgery kernel" K2(f) = 
Ker(7T2(/)) is a finitely generated projective Z[7r]-module, and is an orthogonal 
direct summand of tt2(X) with respect to the intersection pairing, by Theorem 5.2 
of |42j . The PD4-complex X is order-minimal if every such map is a homotopy 
equivalence, i.e., if X is minimal with respect to the order determined by such 
maps. It is strongly minimal if Ax = 0, and is x-minimal if xC^Q ^ x00> f° r ^ 
any PZ?4-complex with (7Ti(y),uii(F)) = (ir,w). We then let q(n, w) = x(X). (The 
definition of "strongly minimal" used here may be broader than the one used in 
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[27], where we said that Z was strongly minimal if n 2 {Zy = 0. The two definitions 
are equivalent if (P 2 Z)*f = 0.) These three notions of minimality are equivalent if 
c.d.ir < 2, by Theoreml2"5"lbelow. This is the case of greatest interest to us. However, 
we shall make some observations on the situation for more general fundamental 
groups. 

If / : X — > Z is a 2-connected degree- 1 map and Z is strongly minimal then 
Xf = Xx- Strongly minimal PP/4-complexes are clearly order- minimal. If Z is 
strongly minimal then the classifying map cz induces isomorphisms H s (tt; Z[7t]) = 
H S {Z\ Z[tt]) for s < 2. If P 2 Z = E 3 1 = and Z is strongly minimal then tt 2 (Z) = 0, 
so /3 2 (Z; Fa) = /S2 (t; F2), and so Z is ^-minimal. It is not yet known whether every 
strongly minimal PZ?4-complex Z is x-minimal. 

If 7r satisfies the weak Bass conjecture and P is a nontrivial finitely generated 
projective Z[7r]-module then Z %u F ^ 0. (See page 14 of [25]). It follows that 
if 7r satisfies the weak Bass conjecture, / : X — > V is a 2-connected degree 1 
map and x(-2Q = xQO then / is a homotopy equivalence. Hence x{X) minimal 
implies that X is order-minimal and every sequence of 2-connected degree 1 maps 
X — > X\ — > X2 —>■... eventually becomes a sequence of homotopy equivalences. 
The latter condition holds also if TT2(X) is finitely generated as a Z [71-]- module. In 
particular, if 7r = Z r and X is ^-minimal then X is order minimal. Moreover, X 
can only be strongly minimal if r = 1, 2 or 4. 

A complex X which is order-minimal need not be strongly minimal or ^-minimal, 
as the following examples show. The 4-dimensional torus R 4 /Z 4 is the unique PD4- 
complex with fundamental group Z 4 and minimal Euler characteristic g(Z 4 ) = 0. 
Let K be the 2-complex corresponding to the standard presentation of tt — Z 4 
with four generators and six relators, and let N be a regular neighbourhood of an 
embedding of K in R 5 . Then M = dN is an orientable 4-manifold with %x(M) = Z 4 
and x(M) = 6. If a 2-connected degree 1 map f : M —±Y is not a homotopy 
equivalence then x(Y) < x{ M ) and so ^(Y) < 12. Since Cyif 2 (Z 4 ;Z) has rank 
6 it follows easily from Poincare duality in Y that CyiJ 2 (Z 4 ;Z) cannot be self- 
annihilating with respect to cup product, and so cy has nonzero degree. However 
cm*[M] = 0, since cm factors through N, and so there can be no such map /. Thus 
M is order-minimal. However it is not strongly minimal, as tt2(M) has rank 6 as a 
Z[Z 4 ]-module. 

An elementary surgery on R 4 /Z 4 gives an orientable 4-manifold P with tt = Z 3 
realizing the minimal Euler characteristic x(P) = 2 for this group. As projective 
Z[Z 3 ]-modules are free Z 3 satisfies the weak Bass Conjecture, and so P is order- 
minimal. However ^(P) = Z[Z 3 ] © Ker(e) (where e is the augmentation), by 
Theorem 3.12 of [25]. Thus P is not strongly minimal. 

It shall be useful to distinguish three "i^-types" of PD4-complexes: 

(I) v 2 {X) ^ (i.e., v 2 (X) is not in the image of H 2 (tt;¥ 2 ) under c* x )\ 
(ll)v 2 (X)=Q- 

(III) v 2 (X) ^ but v 2 (X) = (i.e., v 2 (X) is in c* x (H 2 (tt; F 2 )) \ {0}). 

(This trichotomy is due to Kreck, who formulated it in terms of Stiefel- Whitney 
classes of the stable normal bundle of a closed 4-manifold.) The refined i^-type (II 
and III) is given by the orbit of v 2 in H 2 (ir; ¥ 2 ) under the action of automorphisms 
of 7r which fix the orientation character. 

A strongly minimal 4-manifold M must be of type II or III, since a*v 2 (M) is the 
normal Stiefel- Whitney class w 2 {v a ), for a an immersion of S 2 in M with normal 
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bundle v a , and so %(-M)([a]) is the mod-2 self- intersection number of [a] £ n 2 (M). 
Is there a purely homotopy-theoretic argument showing that all strongly minimal 
P£>4-complexes are of type II or III? (This is so if c.d.ir = 2, by Theorem l25l below . ) 

Lemma 7. Let f : X — > Z be a 2-connected degree-1 map of PD 4 - complexes. If X 
is of type II or III then so is Z . 

Proof. Since / is 2-connected, /* = i7 2 (/;F 2 ) is injective and cx = gc z F, for some 
self homotopy equivalence g of K(tt, 1). If V2(X) — c* x V for some V G i? 2 (7r;F 2 ) 
then 

f*(v 2 (Z) U a) = /* (a 2 ) = v 2 (X) U f*a = f*(c z g*V U a), 
for all a E H 2 (Z;¥ 2 ). Hence v 2 (Z) = c* z g*V. □ 

The converse is false. For instance, the blowup of a ruled surface is of type I, 
but its minimal models are of type II or III. See §14 below. 

6. EXISTENCE OF STRONGLY MINIMAL MODELS 

In this section we shall obtain a criterion for the existence of a strongly minimal 
model, as a consequence of the following theorem, which may be thought of as a 
converse to the 4-dimensional case of Wall's Lemma 2.2 and Theorem 5.2. 

Theorem 8. Let X be a PD4- complex and K a finitely generated projective direct 
summand of H 2 (X;Z[ir}) such that K [~1 E = and \x induces a nonsingular 
pairing on K x K. Then there is a PD^-complex Z and a 2-connected degree-1 
map f : X -+ Z with K 2 (f) = D(K). 

Proof. Suppose first that K is stably free and choose maps mi : S 2 — > X for 1 < i < 
s representing generators of D(K), and such that the kernel of the corresponding 
epimorphism m : Z[ir] s —> D(K) is free of rank t. Attach s 3-cells to X along the rrii 
to obtain a cell complex Y with m(Y) = n, 7r 2 (F) = U/D(K) and H 3 (Y;Z[tt}) = 
H3(X;'Z[k]) ® Z[7r]'. Since the Hurewicz map is onto in degree 3 for 1-connected 
spaces (such as Y) we may then attach t 4-cells to Y along maps whose Hurewicz 
images form a basis for H$(Y, X; Z[tt]) to obtain a cell complex Z with ni(Z) = it 
and tt 2 (Z) s*TL/D(K). 

If K is not stably free then K F = F, where F is free of countable rank, and 
we first construct Y by attaching countably many 2- and 3-cells to X, and then 
attach countably many 4-cells to Y to obtain Z as before. 

The inclusion / : X -)• Z is 2-connected and Kcr( J ff 2 (/; Z[tt])) = D{K). Com- 
parison of the equi variant chain complexes for X and Z shows that Hj(/;Z[7r]) is an 
isomorphism for all i ^ 2, while H (/; Z[7r]) is an isomorphism for all j ^ 2 or 3, and 
7J 2 (/;Z[7r]) is a monomorphism. the connecting homomorphism in the long exact 
sequence for the cohomology of (Z,X) with coefficients Z[vr] induces an isomorphism 
from the summand K < H 2 (X;Z[tt}) to H 3 (Z, X; Z[tt]) = Hom z[n] (D(K ), Z[tt]). 
Therefore H 3 {Z;Z[ir}) =0. 

Let [Z] = f*[X] G Hi(Z ;%?"). Cap product with \Z\ gives isomorphisms 
H3(Z;Z[tt}) = H 4 -j{Z; Z[tt]) for j ^ 2, by the projection formula f*([X] n f*a) = 
[Z] n a. This is also true when j = 2, for then H 2 (f ';Z[tt]) identifies i7 2 (Z;Z[7r]) 
with the orthogonal complement of K in H 2 (X; Z[7r]), and (~l — ) carries this 

isomorphically to H 2 (Z; Z[tt]). Therefore Z is a PZ)4-complex with fundamental 
class [Z], f has degree 1 and K 2 (f) = D(K). □ 
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The main theorem of (23] includes a similar result, for X orientable and K a free 
module. (See also [26| 127]). 

Corollary 9. The PD^-complex X has a strongly minimal model if and only if 
H/E is a finitely generated projective 7L\~K\-module and Ax is nonsingular. 

Proof. If / : X — > Z is a 2-connected degree-1 map then K 2 (f) is a finitely generated 
projective direct summand of II, by Lemma 2.2 of [42 , and if Z is strongly minimal 
E> = E 3 7L. Therefore H/E = K^f)^ is also projective, and so the conditions are 
necessary. If they hold the construction of Theorem [8] gives a strongly minimal 
model for X. □ 

The above conditions hold if IF is a finitely generated projective Z[7r]-module 
and E 3 1 = 0. In particular, they hold if c.d.ir < 2, by an elementary argument 
using Schanuel's Lemma and duality. (See Theorem 1251 below) . 

Lemma 10. Let f : X — > Z be a 2-connected degree-1 map of PD4- complexes with 
fundamental group ir such that E 3 Z = 0. Then the homomorphism f# : H 3 (ir; II) — > 
H 3 (ir; ir 2 (Z)) induced by f is an isomorphism, and k\(Z) = f#{k\{X)). 

Proof. The first assertion follows easily from the fact that 7r2(/) is an epimorphism 
with kernel K 2 {f) a finitely generated projective direct summand of LI = Tt 2 (X) 
and the hypothesis H 3 {n; Z[tt]) = E 3 Z = 0, which implies that H 3 (tt; K 2 (f)) = 0. 

The first fc-invariant of a complex X may be identified with the class in H 3 (tt; IT) = 
Ext 3 ,^ (Z, II) given by the exact sequence 

->• n C 2 /dC 3 -> Ci -> c z 0. 

Under this interpretation it is clear that k\(Z) = f#(ki(X)), □ 

The necessary condition (_E 2 Z)t = E 3 7L is far from characterizing the groups 
7r which are the fundamental groups of strongly minimal PL^-complexes. In Sec- 
tions 9-14 we shall determine such groups within certain subclasses. In all cases 
considered, 7r has finitely many ends (i.e., E lr L is finitely generated) and E 3 Z = 0. 

Lemma 11. Let Z be a PD^-complex, and let Z p be the covering space associated 
to a subgroup p of finite index in ix — m(Z). Then Z is strongly minimal if and 
only if Z p is strongly minimal. 

Proof. Let II = w 2 (Z). Then n 2 (Z p ) = U\ p . Moreover, H 2 (tt; Z[tt])| p = H 2 (p; Z[p\) 
and iJomz[ Tr ](L T , Z[ir])\ p = Homz[ p ](Jl\ pi 1>[p\), as right Z[p]- modules, since [ir : p] is 
finite. The lemma follows from these observations. □ 

7. REDUCTION 

The main result of this section implies that when a PZ?4-complex X has a 
strongly minimal model Z its homotopy type is determined by Z and Ax- Our 
present arguments require also that ki(Z) — 0, so that we may identify P 2 {X) and 
P 2 {Y) with P = L^ili, 2), and thus use results of [37] on realizing automorphisms 
by self homotopy equivalences. 

Lemma 12. Let = Bz»(&(CP«>)»(f))> for £ £ ff 4 ((CP°°)"; Z), and let G be a 
group. Let u = T,u g g and v = T,v h h £ if 2 ((CP°°)™; Z[G]) S iJ 2 ((CP°°)"; Z) ® z 
Z[G]. Then v(u P\ £) = Ytg h^G^^gjV^gh, for all such u,v and £. 
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Proof. As each side of the equation is linear in £ and LL^CP 00 )™; Z) is generated 
by the images of homomorphisms induced by maps from CP 00 or (CP 00 ) 2 , it suffices 
to assume n = 1 or 2. Since moreover each side of the equation is bilinear in u and 
v we may reduce to the case G = 1. As these functions have integral values and 
2(x<g>y) = (x + y)®(x + y)-x®x-y ®y in H 4 ((CP°°) 2 ; Z), for all x, y e II = Z 2 , 
we may reduce further to the case n = 1, which is easy. □ 

Lemma 13. Let M &e a finitely generated projective %\k\- module and L = L 7r (M, 2). 
The secondary boundary homomorphism b^ determines an epimorphism b' from 
H 4 (L;Z W ) to Z w ® z[k] T W (M) such that 

Bj^(b'(x))(u, v) = v(u n x) forall u,v £ M f and x £ H 4 (L;Z W ). 

Proof. The homomorphism from iL^LjZ™) to i?4(7r;Z u ') induced by cl is an a 
epimorphism, since cz, has a section a. Since L ~ K(M, 2) the homomorphism 6^ is 
an isomorphism and H^(L] Z) = 0, while since M is projective H p (ir; M) = for all 
p > 0. Therefore it follows from the Cartan-Leray spectral sequence of the covering 
L —> L that the kernel of the epimorphism induced by cl is 12" ®z[tt] Hi(L; Z). Let 
b'(x) = (1 ® — c*cl*(:e)) for all a; G tl^(L\7L w '). Then 6' is an epimorphism 

onto Z 10 ® zw T W (M). 

Let a; £ H A {L;Z W ) and w,w g = H 2 (L; Z[tt]). Since M is the union of its 
finitely generated free abelian subgroups and homology commutes with direct limits 
there is an n > and a map k : (CP 00 )™ — > L such that b'{x) is the image of fc*(£) 
for some f e LL^CP 00 )™; Z). Then B M (6'(a;))(u, «) = e« M (^)(u,«). 

Suppose that k*u = Y,u g g and = T,v h h in P 2 ((CP°°) n ; Z[tt]). Then we have 
efM(^*C)( M ; w ) = ^g,h&G^{u g , Vh)gh, which is equal to v{u n £;*£) = k*v(k*u fl £), 
by Lemma [T2"l Now x = + a*u H c.t,*x and u H <7*C£,*x = a„,{a*u n Cj>x) = 0, 
since H^ir; Z[7r]) = 0. Hence Bm(V{x)){u,v) = v(u n x), for all u, « s and 

ieff 4 (i;r). □ 

Theorem 14. Let gx : X — > Z and gy : Y Z be 2-connected degree-1 maps of 
PDi- complexes, and suppose that w = w\(Z) is trivial on elements of order 2 in 
it = ni(Z). If k\(X) = k\(Y) = then there is a homotopy equivalence h : X — > Y" 
such that gyh — gx if and only if X gx = X gY . 

Proof. The condition X gx = X gY is clearly necessary. Suppose that it holds. Then 
tt 2 (Y) = tt 2 (A) = II = M © N, where M = K 2 (gx) is projective and N = ir 2 (Z), 
and we may identify M> with a direct summand of H 2 (X; Z[tt]), by Lemma 2.2 
of [42]. We may assume that the isomorphisms are chosen so that ^(gx) and 
7T2(<?r) correspond to projection onto the second factor, and so that X gY — X gx as 
pairings on M x M. We may also assume that M ^ 0, for otherwise gx and gy 
are homotopy equivalences. 

Let P = P 2 (A), and let g : P — > P 2 (Z) be the map corresponding to ir 2 (gx), so 
that f z g x = gfx- Then P 2 (Y) ~ P ~ L 7r (n, 2), since fci(A) = fc x (Y) = 0, and so 
fzgy = g'fr for some g' : P — > P 2 (A). The group of based self homotopy equiva- 
lences of L n (II, 2) maps onto Aut(n), with kernel E W (L W (II, 2)) = H 2 (n; II) x ^4^^(11) 
[37]. After composing /y with a self homotopy equivalence of P, if necessary, we 
may assume that g' = g. The map g is a fibration with fibre K(M, 2), and the 
inclusion of A into II = M © N determines a section s for g. 

The splitting II = M © A also determines a projection g : P — » L = L 7T (M, 2). 
We may construct L by adjoining 3-cells to X to kill the kernel of projection from 
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II onto M and then adjoining higher dimensional cells to kill the higher homotopy. 
Let j : X ->■ L be the inclusion. Then B M (b'(j* [X]))(u, v) = v(u D j*[X]) for all 
u, v s M\ by Lemma 1131 Using the projection formula and identifying M> = 
H 2 (L;Z[tt]) with H 2 (X;Z[tt]) we may equate this with X gx (u,v). Hence 
and have the same image X gx = X gY in Her w (M'). 

Since p2(Z) is a retract of P comparison of the Cartan-Leray spectral sequences 
for the classifying maps cp and Cp 2 (z) shows that 

Cok(# 4 (s;Z™)) = Z w ® zw (T w (U)/r w (N)). 

Since tt has no orientation reversing element of order 2 the homomorphism Bm 
is injective, by Theorem [21 and therefore since \ gx = X gY the images of fx*[X] 
and fy*[Y} in Z w ®z[-k] (Tw(R)/Fw(N)) differ by an element of the subgroup 
^ w ®z[tt] {M ®N). Let c e M ® N represent this difference, and let 7 e T W (M) 
represent b'(fx*[X]). Since Bm(1 ® 7) = A 9x is nonsingular Bm(^) is surjective, 
and so we may choose a homomorphism 6> : M — > N such that (i?M(7)®l)(i~ 1 (0)) = 
(d® l)(c). Hence rV(ae)(7) —7 = mod r^(JV), by LemmaEl Let P{9) be the 
corresponding self homotopy equivalence of P. Then gP{0) = g and P(0)*fY*[Y] = 
fx*[X] mod Z w ® zw Ln/(iV). Since = .9y*[^] in H 4 (Z;Z W ) and hence 

= ( ff /y)*[y] in H A (P 2 {Z)-Z W ) it follows that P(fl)*/y,[y] = fx*[X] in 

Hi(P;Z w ). 

There is then a map ft, : X — > Y with fyh = fx, by the argument of Lemma 
1.3 of [H]. Let X + and Y + be the orientable covering spaces corresponding to 
Ker(w). Then h lifts to a map h + : X + — > F + . Since fx and /y are 3-connected 
7Ti(/i + ), 7T2(/i + ) and H2(h + ; Z) are isomorphisms. Since M is projective and nonzero 
Z C3>KcrO) is a nontrivial torsion- free direct summand of 7?2(X + ;Z), and so h + 
has degree 1, by Poincare duality with coefficients Z. Hence h + is a homotopy 
equivalence, and therefore so is h. □ 

The argument for Theorem [14l breaks down when tt = Z/2Z and w is nontrivial, 
for then Bm ■ Z w Tw(M) — > Her w (M j( ) is no longer injective, and the 

intersection pairing is no longer a complete invariant [20]. Thus the condition on 
2-torsion is in general necessary. 

Can the hypothesis k\(X) = k\{Y) = be relaxed or dropped completely? If 
E 3 Z = then we may identify ki(X) and ki(Y), by Lemma [POl 

Corollary 15. If X has a strongly minimal model Z , tt has no 2-torsion and 
ki(X) = the homotopy type of X is determined by Z and Xx- O 

Corollary 16. |23j If g : X — > Z is a 2-connected degree-! map of PD '4- complexes 
such that wi(Z) is trivial on elements of order 2 in tti(Z) and k\{X) = then X 
is homotopy equivalent to M^Z with M 1-connected if and only if X g is extended 
from a nonsingular pairing over Z. □ 

The result of [23, assumes that X is orientable, 7r is infinite and either E 2 Z = 
or 7r acts trivially on ^(Z). (Since tt is infinite the latter condition implies that Z 
is strongly minimal.) 

Corollary 17. Let it be a finitely presentable group with no 2-torsion and such 
that E 2 Z = E a Z = 0, and let w : tt — >• Z x be a homomorphism. Then two PD4- 
complexes X and Y with fundamental group tt, w\(X) = c* x w, W\{Y) — CyW and 
TT2{X) and TT2(Y) projective Z[tt] -modules are homotopy equivalent if and only if 
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(1) cx*[X] — ±g*cy*[Y] in H^ir; 1 W ), for some g £ Aut(ir) with wg = w; and 

(2) Xx — Xy (after changing the sign of [Y], if necessary). 

Proof. The hypotheses imply that X and Y have strongly minimal models Zx and 
Z Y with ir 2 (Z x ) = 7r 2 (Zy) = 0, and hence P 2 {Z X ) ^ P%{Z Y ) ^ if (tt, 1). Moreover 
H 3 (tt; IT) = 0, since -E 3 Z = 0, and so the result follows by the argument of Theorem 

M □ 

In particular, Zx — Zy ■ If 7r also has one end then the minimal model is 
aspherical. See Theorem |2"B1 below. 

8. REALIZATION OF PAIRINGS 

In this short section we shall show that if Z is a strongly minimal PZ?4-complex 
and Ker(w) has no element of order 2 every nonsingular w-hermitean pairing on a 
finitely generated projective Z[7r]-module is realized as Xx for some PZ)4-complex X 
with minimal model Z. This is an immediate consequence of the following stronger 
result. 

Theorem 18. Let Z be a PD^-complex with fundamental group it and let w — 
wi(Z). Assume thatKei(w) has no element of order 2. Let N be a finitely generated 
projective 7i[ir]-module and A be a nonsingular w-hermitean pairing on N'. Then 
there is a PD^-complex X and a 2-connected degree-! map f : X — > Z such that 
A/=A. 

Proof. Suppose N®Fi = F 2 , where F-y and F 2 are free Z[7r]-modules with countable 
bases / and J, respectively. (These may be assumed finite if N is stably free.) We 
may assume Z = Z a Ug e 4 is obtained by attaching a single 4-cell to a 3-complcx 
Z Q , by Lemma 2.9 of [32] ■ Construct a 3-complex X Q with ir 2 (X ) = ir 2 (Z ) N 
by attaching J 3-cells to Z a V (W 1 S 2 ), along sums of translates under it of the 
2-spheres in \/ I S 2 , as in Theorem [5] Let i : Z — > X be the natural inclusion. 
Collapsing V 1 S 2 gives X Q j V 1 S 2 ~ Z V (V J S 3 ), and so there is a retraction 
q : X — > Z . Let p : H = tt 2 (X ) — > N be the projection with kernel Im(7r 2 (i)), 
and let j : X a — > L = L 7T (N,2) be the corresponding map. Then ir 2 (ji) = and 
so ji factors through K(ir, 1). The map Bx ■ V ®z[tt] ^w{X) —> Her w (N ji ) is 
an epimorphism, by Theorem [2] Therefore we may choose ip € irj,(X ) so that 

B N {[m\) = a. 

Let 4> = ip - iqip + id. Then q<j> = 6 and j(<fr) = j(ip), so B N ([j(<j))}) = A. Let 
X = X a U0 D 4 . The retraction q extends to a map / : X Z. Comparison of the 
exact sequences for these pairs shows that / induces isomorphisms on homology 
and cohomology in degrees ^ 2. In particular, Hi(X]1, w ) = H^Z;!^). Let 
[X] = f- x [Z]. Then /*(/*(«) n [X]) =af][Z] for all cohomology classes a on Z, 
by the projection formula. Therefore cap product with [X] induces the Poincare 
duality isomorphisms for Z in degrees other than 2. As it induces an isomorphism 
H 2 (X;Z[ir]) = H 2 (X;Z[ir}), by the assumption on A, X^ is a PZ)4-complex with 
X x £ A. □ 

9. SEMIDIRECT PRODUCTS AND MAPPING TORI 

The cases with fundamental group a free group are well- understood [26] . The 
second class of groups for which the minimal models are known are the semidirect 
products v x a 7L with v finitely presentable. 
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Theorem 19. Let v be a finitely presentable group and let X be a finite PD4- 
complex with iri(X) = ix = v v\ a 7L, for some automorphism a of v. Then the 
following are equivalent: 

(1) X is the mapping torus of a self homotopy equivalence of a PD^-complex 
N with 7Tx (N) = v; 

(2) X is strongly minimal; 

(3) X (X)=0. ' 

Proof. Let X v be the covering space of X corresponding to v. Then X v is the 
homotopy fibre of a map from X to 5* 1 which corresponds to the projection of 7r onto 
Z, and FL q (X v \ k) = for q > 3 and all coefficients k. The LHS spectral sequence 
gives an isomorphism H 2 (ir; Z[ir])\ u = H 1 ^; 1\v\) of right Z[i/]-modules. Since v is 
finitely presentable it is accessible, and hence iP(f ; 1\v\) is finitely generated as a 
right Z[i/]-module. (See Theorems Vl.6.3 and IV.7.5 of [T5].) 

Suppose first that X is the mapping torus of a self homotopy equivalence of a 
P£>3-complex TV. Since ir 2 (X)\ v = ^(N) = iP(z^; Z[z/]) is finitely generated as a 
left Z[z^]-module, i?OTOzr 7r i(7T2pO,Z[7r]) = 0, and so X is strongly minimal. 

If X is strongly minimal then n 2 (X) = H 2 (X;Z[w]) = H 2 (tt; Z[tt]). Since 
f3 q {v;¥ 2 ) < 00 for q < 2 and ■n 2 (X v ) = tt2(X)\ v is finitely generated as a left 
Z[z/]-module (3 q (X lJ ;¥2) is finite for q < 2. Poincare duality in X gives an isomor- 
phism H 3 (X„;W 2 ) = H 1 (X;W 2 [ir/v}) = F 2 . Hence q (X„;W 2 ) is finite for all q, and 
so x(X) — 0, by a Wang sequence argument applied to the fibration X v — > X — > S 1 . 

If x(X) = then X is a mapping torus of a self homotopy equivalence of a 
PL> 3 -complex N with tt 1 (N) = v. (See Chapter 4 of [25].) □ 

The condition that v be the fundamental group of a P-D3-complex is quite re- 
strictive. Mapping tori of self homotopy equivalences of PilVcomplexes are always 
strongly minimal, but other PD4-complexes with such groups may have no strongly 
minimal model. (See §5 above for an example with 7r = Z .) 

The latter problem does not arise if v = F(s) is a finitely generated free group. 

Theorem 20. Let ir = F(s) » a Z, where s > 0, and let w : ir — > Z x be a 
homomorphism. Then the strongly minimal PD^-complexes X with tti(X) = 7r 
and W\(X) = c* x w are homotopy equivalent to mapping tori, and their homotopy 
types may be distinguished by classes in H 2 (tt;¥2). 

Proof. A PP3-complex N with fundamental group F(s) is homotopy equivalent 
to # S (S" 2 x S 1 ) (if it is oricntablc) or # s (5 2 xS' 1 ) (otherwise). There is a natural 
representation of Aut(F(s)) by isotopy classes of based homeomorphisms of N, 
and the group of based self homotopy equivalences Eq(N) is a semidirect product 
D * Aut(F(s)), where D is generated by Dehn twists about nonseparating 2-spheres. 
We may identify D with (Z/2Z) S = i? 1 (P(s);F 2 ), and then E (N) = (Z/2Z) S x 
Aut(F(s)), with the natural action of Aut(F(s)) [24] . 

Thus a strongly minimal P_D4-complexX with tti(X) = tt. is homotopic to 
the mapping torus M(f) of a based self-homeomorphism / of such an N, with 
wi(N) — ui|f( s ), and / has image (d, a) in E (N). Let 5(f) be the image of 
d in P 2 (7r;F 2 ) = H 1 (F(s); F 2 )/(a - I)P 1 (P(s); F 2 ). If g is another based self- 
homeomorphism of N with image (d! , a) and 5(g) — 5(f) then d — d! = (a — l)(e) 
for some e G D. Hence (d, a) and (d' , a) are conjugate, and so M(g) ~ M(f ), since 
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two such mapping tori are orientation-preserving homeomorphic if the homotopy 
classes of the defining self-homeomorphisms are conjugate in Eq(N), by [21] • □ 

In fact the detecting class is the refined «2-type. If it = F(s) x a Z (with s > 0) 
then 7T has one end and c.d.n — 2. This broader class of groups is the focus of 
the final third of this paper. In Theorem [25] and its Corollary it is shown that all 
strongly minimal PP/4-complcxcs X with tti(X) = 7r such a group and w\(X) = w 
have the same Postnikov 2-stage L — P2(X), all have «2-type II or III, and that 
there is such a PD4-complex X with V2(X) = V, for every V £ H 2 (ir;¥2). In 
Thcorcm[36]it is shown that the orbits of the possible fc-invariants in H 4 (L; rV(II)) 
under the actions of Eq(L) and Aut(Tw(R)) correspond bijectively to the orbits of 
the action of Aut(n) on ff 2 (7r;F2), provided a technical algebraic condition holds. 

If pi (it) > 1 then N may not be determined by M(f) . For instance if N — S 2 x S 1 
then M(id,N) — N x S 1 is also the mapping torus of an orientation reversing self 
homeomorphism of S 2 x S 1 . It is a remarkable fact that if it = F(s) x Q Z, s > 1 and 
/3i(tt) > 2 then 7r is such a semidirect product for infinitely many distinct values of 
s [9]. However this does not affect our present considerations. 

10. STRONGLY MINIMAL MODELS WITH IT FINITE 

If 7T is finite or has two ends then E 2 7L = E Z 7L = 0. Therefore a PI?4-complex 
Z with fundamental group n is strongly minimal if and only if tt2{Z) — 0. A PD4- 
complex X with fundamental group it has such a model Z if and only if II is a 
finitely generated projective Z[7r]-module, by part (4) of Lemma 6 and Theorem [8] 

If ir is finite and ir 2 {Z) = then Z ~ S 4 or RP 4 . (See Lemma 12.1 of [25].) As 
every orientable PZ?„-complex admits a degree- 1 map to S n , we may assume that 

7T = Z/2Z. 

Theorem 21. Let X be a PD^-complex with tt\(X) — Z/2Z and let w = wi(X). 
Then RP 4 is a model for X if and only if w A 7^ 0. 

Proof. The condition is clearly necessary. Conversely, we may assume that X — 
X a U e 4 is obtained by attaching a single 4-cell to a 3-complex X a , by Lemma 2.9 of 
[42] . The map c x : X -> MP 00 = K{Z/2Z, 1) factors through a map / : X MP 4 , 
and w = /*wi(RP 4 ), since !o^0. The degree of / is well-defined up to sign, and 
is odd since w 4 7^ 0. We may arrange that / is a degree-1 map, after modifying / 
on the top cell, as in [34], if necessary. □ 

The two RP 2 -bundlcs over S 2 provide contrasting examples. If X — S 2 x RP 
then w 3 = and LI = Z © T2" , which has no nontrivial projective Z[Z/2Z]-module 
summand. Thus S x RP 2 is minimal but not strongly minimal. On the other 
hand, if X is the nontrivial bundle space then w 4 7^ and LT = Z[Z/2Z]. 

It is well known that the (oriented) homotopy type of a 1-connected PD4- 
complex is determined by its intersection pairing and that every such pairing is 
realized by some 1-connected topological 4-manifold. (See page 161 of [12]). Nonori- 
entable topological 4-manifolds with fundamental group Z/2Z are classified up to 
homeomorphism in [20j . and it is shown there that the homotopy types are deter- 
mined by the Euler characteristic, u> 4 , the «2-type and an Arf invariant (for i^-type 
III). The authors remark that their methods show that Ax together with a qua- 
dratic enhancement q : LI — > Z/4Z due to [30] is also a complete invariant for the 
homotopy type of such a manifold. 
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11. STRONGLY MINIMAL MODELS WITH TT TWO-ENDED 

If tt has two ends and tt2(Z) = then tt is an extension of Z or the infinite 
dihedral group Z?oo = Z/2Z * Z/2Z by a finite normal subgroup F and Z ~ S 3 . 
Finite subgroups of tt have cohomological period dividing 4 and act trivially on 
7r 3 (Z) = H$(Z; Z[w]), while the action u : tt — > {±1} = Aut(TT 3 (Z)) induces the 
usual action of tt/F on H 4 (F; Z). The action u and the orientation character w\(Z) 
determine each other, and every such group tt and action u is realized by some PD^- 
complex Z with tt2(Z) = 0. The homotopy type of Z is determined by tt, u and 
the first nontrivial fc-invariant in H a {tt]1j u ). (See Chapter 11 of [25] .) 

We shall use Farrell cohomology to show that any P Decomplex X with tt\ (X) = 
tt satisfying corresponding conditions has a strongly minimal model. We refer to 
the final chaper of [8] for more information on Farrell cohomology. 

It is convenient to use the following notation. If R is a noetherian ring and 
M is a finitely generated i?-module let Q}M = Ker(0), where <f> : R n —> M is 
any epimorphism, and define fl k M for k > 1 by iteration, so that fl n+1 M = 
f2 1 f2 n M. We shall say that two finitely generated i?-modules Mi and are 
projectively equivalent (M\ ~ M%) if they are isomorphic up to direct sums with 
a finitely generated projective module. Then these "syzygy modules" Q k M are 
finitely generated, and are well-defined up to projective equivalence, by Schanuel's 
Lemma. 

Theorem 22. Let X be a PD^-complex such that tt = tt\{X) has two ends. Then X 
has a strongly minimal model if and only if it and the action u of it on H^{X; Z[7r]) = 
Z are realized by some PD^-complex Z with TT2{Z) — ; and then Z is determined 
byX. 

Proof. If iT2(Z) — then Z ~ S 3 , by Poincare duality and the Hurewicz and 
Whitehead Theorems, and the conditions on tt are necessary, by Theorem 11.1 and 
Lemma 11.3 of [23] , 

Conversely, since tt is virtually infinite cyclic the condition imples that the Farrell 
cohomology of tt has period dividing 4 [15] . The chain complex C* for X gives rise 
to four exact sequences: 

-> Z 2 C* 2 -> Ci -)• Co -> z -> 0, 
-> Z 3 ->• C3 ->• B 2 -> 0, 

and 

Q C 4 ->• Z 3 -> Z" 0. 

We may assume that C* is a complex of finitely generated Z[7r]-modules. Then the 
modules P>2, Z2 Z3 and II are finitely generated, since 1\tt\ is noetherian. It is clear 
that Z 2 ~ ft 3 Z and Z 3 ~ O 1 ^, while fi 1 ^ ~ ^(Z 11 ). The standard construction 
of a resolution of the middle term of a short exact sequence from resolutions of 
its extremes, applied to the third sequence, gives a projective equivalence £l 1 Z2 — 
Q B% © fi 1 !!. The corresponding sequences for a strongly minimal complex with 
the same group tt and action u give an equivalence f2 1 (Z") ~ 17 1 (i7 4 Z). (This is in 
turn equivalent to fi 1 Z, by periodicity.) Together these equivalences give 

n 5 z ~ n 2 z 2 ~ n 2 B 2 © ft 2 n ~ 0% © ^ 2 n ~ n 5 z © ft 2 n. 
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Therefore Ext^^n^N) = ExtL w] (0 5 Z, N) ® Extt, (Cl 2 Il, N), for all q > 
v.c.d.n = 1, and any Z[7r]-module N. UN is finitely generated so is Ext^ n , (f^Z, AT), 
and so Ext^, (II, N) = Ext* (n 2 U, N) = 0, for all q > 1. Since II is finitely gener- 
ated Ext%i n i(U, — ) commutes with direct limits and so is 0, for all r > 3. Therefore 
II has finite projective dimension, by Theorem X.5.3 of [8]. There is a Universal 
Coefficient Spectral Sequence 

Ef = Ext q z[w] (H p (X ;Z[7r]),Z[7r]) => HP+"(X; Z[tt]). 

Here i?f g = unless p — 0, 2 or 3, and -E^ 9 = -Ef 9 = if g > 1, since tt is virtually 
infinite cyclic and f2 1 (Z tl ) ~ 57 1 Z. It follows easily from this spectral sequence and 
Poincare duality that Ext%^ (II, Z[tt]) = for all s > 1. Since II also has finite 
projective dimension it is projective. Hence X has a strongly minimal model, by 
Theorem El 

As in Lemma I10| the first nontrivial fc-invariant of the minimal model Z may 
be identified with the class k in H 4 (ir;'Z u ) = Ext\^_\ (Z, Z") given by the exact 
sequence 

-> Z u -> C 3 /<9C 4 © n -> c 2 -> d -> c -> z -> 0. 

Since the homotopy type of Z is determined by tt, u and k the final assertion 
follows. □ 

Thus for instance, an orientable P.D 4 -complex with fundamental group does 
not have a strongly minimal model. 

12. Strongly minimal models with tt one-ended and tt 2 = 

Let Z be a PPVcomplex with ^(Z) = 0. Then Z is strongly minimal and 
E 2 7L = E 3 Z = 0. If moreover tt has one end then Z is contractiblc and so tt 
must be a PI?4-group and Z ~ AT(7r, 1). (Conversely an aspherical PZ^-complcx 
is clearly strongly minimal). 

Theorem 23. Let X be a PD^-complex whose fundamental group tt is a PD4- 
group, and let II — tt<i(X'). Then the following are equivalent: 

(1) X has a strongly minimal model; 

(2) W\(X) — c* x wi(tt) and cx is a degree-1 map; 

(3) n is a projective 1\rr\-module; 

(4) wi(X) = c* x wi(tt) and k\(X) = 0. 

Proof. The PP/4-complex K = K(tt, 1) is the unique strongly minimal complex 
with fundamental group tt, and any 2-connected degree-1 map / : X — > K is 
homotopic to cx (up to composition with a self homotopy equivalence of K). Thus 
(1) (2). If cx is a degree-1 map then n = Ker(7r 2 (cx)) is projective [42], and 
so (2) => (3). If n is projective the Universal Coefficient spectral sequence gives an 
isomorphism c* x : H 4 (tt; Z[tt]) = H a (X;Z[tt}), and so W\(X) = c x w\(ir), since the 
right module structures on these modules are given by the orientation characters. 
The w-twisted augmentation induces isomorphisms H 4 (tt\ 1*[tt]) = H 4 (tt\1 w ) and 
H 4 (X; Z[7r]) = H 4 (X; Z w ). Kronecker duality for X and tt now show that cx is a 
degree-1 map, so (3) => (2). 

The implication (3) — > (4) is immediate, as P 9 (7r;P) = for any projective 
module P and q ^ 4. Hence k±(X) lies in a trivial group. 
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Suppose (4) holds. We may assume that K = K U e 4 and X — X U e 4 , where 
K a and X a are 3-complexes. Since ki(X) = the map cp : P — P2(X) — > K has a 
section s. The restriction s\k factors through X a , by cellular approximation, since 
P = X Q U {cells of dim > 4}. Thus K a is a retract of X a . The map cx induces 
a commuting diagram of homomorphisms between the long exact sequences of the 
pairs (X,X Q ) and (K,K ), with coefficients Z[tt]. Hence the induced map from 
Hi(X, Xq; Z[tt]) to H^K, Kq; Z[tt]) is an isomorphism. This homomorphism is 
one side of a commuting square whose opposide side the the corresponding map 
with coefficients 12" . The other sides are epimorphisms, induced by the w- twisted 
augmentation. It now follows easily that cx has degree 1. □ 

The next result follows immediately from Corollary 16 and Theorem l23l 

Corollary 24. Let X and Y be PD^- complexes with fundamental group a PD4- 
groupir, and such that tt2(X) andiT2(Y) are projective T\ix\-modules, W\(X) — c* x w 
and w\(Y) = CyW, where w — wi(tt). Then X and Y are homotopy equivalent if 
and only if Cx*[X] = ±g*cy*[Y] in H±(Tt;7j w ), for some g £ Aut(jr) such that 
wg = w, and Xx = Ay, after changing the sign of [Y], if necessary. □ 

This corollary and the equivalence of (2) and (4) in the Theorem are from [10] . 
(It is assumed there that X and tt are orientable.) Theorems l2Tfl and [141 give an 
alternative proof of the main result of [10], namely that a P£>4-complex X with 
fundamental group tt a PI?4-group and Wi(X) = wi(ir) is homotopy equivalent to 
Al#K(ir, 1) with M 1-connected if and only if ki(X) = and Ax is extended from 
a nonsingular pairing over Z. 

Connected sums of complexes with 112 = again have 7r2 = 0, and the fundamen- 
tal groups of such connected sums usually have infinitely many ends. If Z is such 
a complex Poincare duality gives TTs(Z) = E Z, and the homotopy type of Z is de- 
termined by 7T, w and the first nontrivial fc-invariant, which is now in H 4 (ir; tt^(Z)). 
The most interesting special case is when tt is a nonabelian free group. 

If Z is strongly minimal and E 2 1 is finitely generated but not then E 2 Z is 
infinite cyclic [7] and the kernel k of the natural action of tt on TT2(Z) = Z is a PD2- 
group, by Theorem 10.1 of [25] . Thus tt is either a PD2-g'roup or is a semidirect 
product k x (Z/2Z). (In particular, tt has one end). The argument of Theorem l22l 
can be adapted to show that any PZ^-complex with such a fundamental group has 
a strongly minimal model. 

13. GROUPS OF COHOMOLOGICAL DIMENSION < 2 

Suppose now that tt is finitely presentable and c.d.n < 2. In this case we may 
drop the qualification "strongly" , by the following theorem. 

Theorem 25. Let X be a PD^-complex with fundamental group tt such that 
c.d.TT < 2, and let w — w±(X). Then 

(1) C*(X;1[tt]) is 7L\tt\- chain homotopy equivalent to ©P[2] ® D 4 ~*, where 
P* is a projective resolution of Z, P[2] is a finitely generated projective 
module P concentrated in degree 2 and D is the conjugate dual of P*, 
shifted to terminate in degree 2; 

(2) n = TT 2 {X) =P®E 2 Z; 

(3) x(X) > 2x(tt), with equality if and only if P — 0; 

(4) (P 2 Z)t =0. 
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Moreover, P 2 {X) ~ L = L^n, 2), and the homotopy type of X is determined by tt, 
II, iT3(X) and the orbit of k 2 {X) E H i (L;TT3(X)) under the actions of Eq(L) and 
Aut n {n 3 {X)). 

If X is minimal then it has v 2 -type II or III, i.e., V 2 {1C) = c* x V for some 
V G H 2 (tt;¥ 2 ). Every such class V is realized by some minimal PD^-complex Z 
with tvi(Z) = tt and wi(Z) = c* z w. 

Proof. Let C* = C*(X;Z[tt\), and let D* be the chain complex with Dq = Co, 
Di = Ci, D 2 = hn(dg ) and D g = for q > 2. Then 

->• D 2 -> £>i -> -Do -> % -> 

is a resolution of the augmentation module. Since c.d.n < 2 and Dq and -Di are 
free modules D 2 is projective, by Schanuel's Lemma. Therefore the epimorphism 
from C 2 to D 2 splits, and so C* is a direct sum C* = £>* © (C/Z?)*. Since X is a 
PD4-complex C* is chain homotopy equivalent to C 4 ~*. The first two assertions 
follow easily. 

On taking homology with simple coefficients Q, we see that x(X) = 2x(tt) + 
dimQQ®^ P. Hence x(X) > 2%(7r). Since tt satisfies the Weak Bass conjecture [2] 
and P is projective P — if and only if diniQ(Q> (g)„. P = 0. 

Let <S : L> 2 £>i be the inclusion. Then £ 2 Z = Cok(^) and so (£ 2 Z)t = 
Ker(<5 tt ). But tftt = 6 is injective, and so (£ 2 Z)t = 0. 

Since c.d.ir < 2 the first fc-invariant of X is trivial, and so P 2 (X) ~ L = L,r(n, 2). 
Hence the next assertion follows from Lemma [5j since these invariants determine 

Suppose now that X is minimal, and let H = c* x H 2 (tt; F 2 ). Then H U H = 0, 
since c.d.7r = 2. In particular, i>2(-X") U h = h U h = for all h E if. Since X is 
minimal, y(X) = 2x(7r), and so dim H 2 (ir; ¥ 2 ) = 2dimi/\ Therefore v 2 (X) G H, 
by the nonsingularity of Poincare duality. 

We may use a presentation V = (xi, . . . , x g \wi, . . . , uv) for tt as a pattern for 
constructing a 5-dimensional handlebody I? 5 U gh 1 U rft 2 ~ C(V), but we refine 
the construction by taking non-orientable 1-handles for generators x with w(x) 
and using w 2 = V + w to twist the framings of the 2-handles corresponding to the 
relators. Let M be the boundary of the resulting 5-manifold. Then tt\{M) = tt, 
w\(M) = c* M w and v 2 (M) = c* M V. Since _E 3 Z = the pairing A a/ is nonsingular, 
by part (4) of Lemma [5] Hence M has a strongly minimal model Z, by Corollary 
O Since cm factors through cz via a 2-connected degree-1 map, Z has the required 
properties. □ 

Thus minimal", "order-minimal" and "strongly minimal" are equivalent, when 
c.d.n < 2. 

It remains unknown whether every finitely presentable group tt with c.d.n = 2 
has a finite 2-dimensional K(ir, l)-complex. We shall write g.d.n = 2 if this is so. 
The argument for realizing V is taken from [3T], where it is shown that if C(V) is 
aspherical then the manifold M is itself strongly minimal. 

Corollary 26. Let tt be a finitely presentable group with one end and c.d.TT — 
2. Then the homotopy type of a minimal PD^-complex X with tt\(X) = tt is 
determined by tt, wi(X) and the orbit of k 2 (X) G H 4 (L; rr^X)) under the actions 
of E (L) and AuU(tt 3 (X)). 



22 



JONATHAN A. HILLMAN 



Proof. Since X is minimal, II = E 2 Z, and since tt has one end H^{X\ Z) = 0. Hence 
II and tt^{X) = Fw(II) are determined by tt and w\(X). □ 

We expect that the orbit of the fc-invariant is detected by the refined «2-type, 
but have only proven this in some special cases. (See Theorems l30l and l36l below.) 

Theorem 27. Let n be a finitely presentable group with c.d.ir < 2. Then two 
PD 4- complexes X and Y with fundamental group tt, wi(X) — c* x w, w\(Y) — c Y w 
and W2(Xy = W2(Y)^ a nonzero projective Z[7r] -module are homotopy equivalent 
if and only if Xx — Ay and there are 2- connected degree-1 maps gx ■ X — > Z 
and gy : Y — >• Z to the same strongly minimal PD^-complex Z . Moreover every 
nonsingular w-hermitean pairing on a finitely generated projective Z\rr\-module is 
realized by some such PD^-complex. 

Proof. The first assertion follows from Theorem 1141 while the second assertion 
follows from Theorem \TE[ □ 

If r > 1 the free group F(r) has infinitely many ends, while E 2 Z = 0. This 
case is well-understood. The minimal models are the manifolds # r (S' 1 x S 3 ) and 
(S 1 xS 3 )#(# r ~ 1 (S 1 x S 3 )), and thus are determined by r and w [26]. 

If c.d.n = 2 then E 2 Z ^ 0. The group n is a PD 2 -group if and only if E 2 Z is 
infinite cyclic [7]; otherwise E 2 Z is not finitely generated. The strongly minimal 
PI?4-complexes with fundamental group a PZ?2-group are the total spaces of S 2 - 
bundles over aspherical closed surfaces, by Theorem 5.10 of [25]. (This was first 
shown for the cases with X and tt orientable and W2(X) — 0, in [11] , using cellular 
obstruction theory.) We shall review this case in the next section. 

If c.d.7r = 2 and 7r = v x Z, with v finitely presentable, then tt has one end 
and v = F(r) for some r > 0. The strongly minimal PZ^-complexes with such 
fundamental groups n = F(r) x Z are mapping tori of self homeomorphisms of 
^(S 1 x S 2 ) or (S* 1 xS* 2 )#(# I - 1 (5 1 x S 2 )), by Theorem 4.5 of [35]. 

If c.d.-K — 2 and 7r is solvable then 7r = Z* m , a Baumslag-Solitar group which is 
an ascending HNN extension. We shall show that if m is even and the orientation 
character is trivial there is an unique minimal model. 

For the rest of this paper we shall assume that 7r is a finitely presentable, 2- 
dimcnsional duality group (i.e., 7r has one end and c.d.ir = 2). 

14. PP> 2 -GROUPS 

The case of most natural interest is when tt is a PZ?2-group, i.e., is the funda- 
mental group of an aspherical closed surface F. If Z is the minimal model for such 
a PD4-complex X then II = 7r 2 (Z) and rV(II) are infinite cyclic, and Z is homo- 
topy equivalent to the total space of a S^-bundle over a closed aspherical surface. 
(The action u : tt —} Aut(U) is given by u{g) = Wi(7r)(g)w(g) for all g £ tt, by 
Lemma 10.3 of [2SJ, while the induced action on r^(II) is trivial.) There are two 
minimal models for each pair (7r,w), distinguished by their u 2 -type. This follows 
easily from the fact that the inclusion of 0(3) into the monoid of self-homotopy 
equivalences E(S 2 ) induces a bijection on components and an isomorphism on fun- 
damental groups. (See Lemma 5.9 of [2SJ.) It is instructive to consider this case 
from the point of view of fc-invariants also, as we shall extend the argument of this 
section to other groups in Theorem [31] below. 
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Suppose first that it acts trivially on II. Then L ~ K x CP 00 . Fix generators 
t, x, T) and z for H 2 {n;Z), II, IV (II) and # 2 (CP°°;Z) = Hom(Tl,Z), respectively, 
such that z(i) = 1 and 2?7 = [x, x]. (These groups are all infinite cyclic, but we 
should be careful to distinguish the generators, as the Whitehead product pairing 
of IT with itself into IV (II) is not the pairing given by multiplication.) Let t,z 
denote also the generators of H 2 (L; Z) induced by the projections to K and CP 00 , 
respectively. Then H 2 (tt; II) is generated by t®x, while H 4 (L; IV (II)) is generated 
by tz <g> 77 and z 2 ® 77. (Note that t has order 2 if w\ (tt) ^ 0.) 

Lemma 28. The k-invariant fca^ 2 ) generates iJ 4 (CP°°;Z). 

Proof. Let h : CP°° ->• if(Z,4) be the fibration with homotopy fibre P 3 (S 2 ) cor- 
responding to k2(S 2 ). Since Ps(5 2 ) may be obtained by adjoining cells of di- 
mension > 5 to S 2 we see that H 4 (P 3 (S 2 );Z) — 0. It follows from the spectral 
sequence of the fibration that h* maps H 4 (K(Z, 4); Z) onto ff 4 (CP°°; Z), and so 
fc 2 (S 2 ) = h* L ZA generates # 4 (CP°° ; Z) . □ 

Since Z ~ 5 2 , the image of k%{Z) in H 4 (L; Z) = Z generates this group. Hence 
fc 2 (Z) = ±(z 2 <g> 77 + miz ® 77) for some mgZ. The action of [if, L] K = [If, CP 00 ] = 
H 2 (ir;Z) on H 2 (L;'L) is generated by t 1-4- i and z i-> z + i. The action on 
H 4 (L; IV (II)) is then given by iz ® 77 H> eg) 77 and z 2 ® 77 H> z 2 ® 77 + 2iz ® 77. 
There are thus two possible i?o (X)-orbits of fc-invariants, and each is in fact realized 
by the total space of an S 2 -bundle over the surface K. 

If the action u is nontrivial these calculations go through essentially unchanged 
with coefficients F2 instead of Z. There are again two possible E„ (L)-orbits of 
fc-invariants, and each is realized by an S^-bundle space. 

In all cases the orbits of fc-invariants correspond to the elements of H 2 (ir;¥2) = 
Z/2Z. In fact the fc-invariant may be detected by the Wu class. Let [c] 2 denote 
the image of a cohomology class under reduction mod (2). Since k 2 (Z) has image 
in i? 4 (Z ; n) it follows that [z] 2 = m[tz} 2 in iJ 4 (Z;F 2 ). This holds also if tt is 
nonorientable or the action u is nontrivial, and so v 2 (Z) = m[z] 2 and the orbit of 
k 2 (Z) determine each other. 

If X is not minimal and v 2 (X) 7^ then the minimal model Z is not uniquely 
determined by X . Nevertheless we have the following results. 

Theorem 29. Let E be the total space of an S 2 -bundle over an aspherical closed 
surface F, and let X be a PD^-complex with tti(X) = 7r = tti(F). Then there 
is a 2- connected degree-1 map h : X — s> E such that ce = cxh if and only if 
(c^^w^l) = (c|j)-V(£) and £ U c* x H 2 (ir; F 2 ) ^ for some £ £ H 2 (X;¥ 2 ) 
such that £ 2 = if v 2 (E) = and £ 2 ^ if v 2 {E) ^ 0. 

Proof. See Theorem 10.17 of the current version of [25] ■ □ 

This is consistent with Lemma 7, for if v 2 (X) = then £ 2 = and v 2 (E) = 0, 
while if v 2 (X) = r then £ 2 ^ 0, and thus v 2 {E) ^ also. 

If W\{X) = c* x w, where w — Wi(tt), and v 2 (X) = then E must be F x S 2 , 
and we may construct a degree-1 map as follows. Let SI generate H 2 (ir\ Z w ) and let 
x G H 2 (X; Z) be such that (x U c* x VL) n [X] = 1. Then [x] 2 2 = 0, since v 2 (X) = 0. 
Therefore if F is nonorientable x 2 = in H A (X] Z) = Z/2Z; if F is orientable then 
.x 2 = 2fc(x U c^Sl) for some fe, and we may replace 1 by a;' = 1 - fcc^ £1 to obtain 
a class with square 0. Such a class may be realized by a map d : X — > S 2 , by 
Theorem 8.4.11 of [38 , and we may set h = (c x , d) : X -> F x S 2 . 
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Theorem 30. The homotopy type of a PD±- complex X with tt — iri(X) a PD2- 
group is determined by n, wi(X), Xx and the v%-type. 

Proof. Let v — wi(n), u — w\{X) + c x v, and let Q generate H 2 {tt; Z v ). Then [f2] 2 
generates H 2 (tt;¥2), and t = Cjf[0]2 ^ 0. If v 2 {X) = mr and p : X — > Z is a 2- 
connected degree- 1 map then vi(Z) — mc* z [Q]2, and so there is an unique minimal 
model for X. Otherwise r ^ V2(X), and so there are elements i/,z £ i? 2 (JT; F2) 
such that y U r ^ y 2 and zUt^O. If y U r = and z 2 ^ then (i/ + z)Ut^0 
and (y + z) 2 = 0. Taking ^ = y, z or y + z appropriately, we have (Ut^O and 
£ 2 = 0. Hence X has a minimal model Z with vi(Z) = 0, by Theorem [29] In all 
cases the theorem now follows from Theorem 1141 □ 

On the other hand, if V2(X) ^ or t then there is a £ £ H 2 (X;¥2) such that 
£ U (ioti - w 2 (X)) = but £ U t ^ 0. Hence £ 2 = £ U r ^ 0, and so X also has a 
minimal model £7 with V2(E) ^ 0. 

In particular, if C is a smooth projective complex curve of genus > 1 and X = 
(C x CP 1 )#CP 5 is a blowup of the ruled surface C x CP 1 — C x S 2 then each 
of the two orientable S^-bundles over C is a minimal model for X. In this case 
they are also minimal models in the sense of complex surface theory. (See Chapter 
VI of [2].) Many of the other minimal complex surfaces in the Enriques-Kodaira 
classification are aspherical, and hence strongly minimal in our sense. However 1- 
connected complex surfaces are never minimal in our sense, since 1S 4 is the unique 
minimal 1-connected PZ^-complex and S* 4 has no complex structure, by a classical 
result of Wu. (See Proposition IV.7.3 of J2].) 

15. CUP PRODUCTS 

In Theorem [551 below we shall use a "cup-product" argument to relate cohomol- 
ogy in degrees 2 and 4. Let G be a group and let T = Z[G]. Let C* and be 
chain complexes of left L-modules and A and B left P-modulcs. Using the diagonal 
homomorphism from G to G x G we may define internal products 

H p (Hom r (C*,A)) ® H q (Hom r (D*,B)) -> H p+q (Hom r (C* ® £>», A ® B)) 

where the tensor products of T-modules taken over Z have the diagonal G-action. 
(See Chapter XI. §4 of [H].) If C* and D* are resolutions of C and T>, respectively, 
we get pairings 

Ext p T (C, .4) <8 Ext q T {V, B) -> £^ +<? (C <g> D, A® B). 
When A = B = T). C = 7L and q = we get pairings 

H p (G;.4) «)£;nd G (^) ->• Ext^ [G] (A, A ® A) . 

If instead C* = D* — C*(S) for some space S with 7Ti(S') = G composing with an 
equivariant diagonal approximation gives pairings 

H P (S; A) <8 H q (S; B) -> A® B). 

These pairings are compatible with the universal coefficient spectral sequences 
Extl(H p (C*),A) => HP +q {C*;A) = HP+ q {Hom r {C*, A)), etc. We shall call these 
pairings "cup products" , and use the symbol U to express their values. 

We wish to show that if ir is a finitely presentable, 2-dimensional duality group 
then cup product with idn gives an isomorphism 

c 2 ^ w ■. H 2 {n- n) -> Ext\ {A oi, n ® n) = n n. 
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The next lemma shows that these groups are isomorphic; we state it in greater 
generality than we need, in order to clarify the hypotheses on the group. 

Lemma 31. Let G be a group for which the augmentation (left) module Z has a 
finite projective resolution of length n, and such that H J (G;T) = for j < n. 
Let V = H n (G;T), w : G —} Z x be a homomorphism and A be a left T-module. 
Then there are natural isomorphisms 

(1) a A :V® T A^H n {G;A); and 

(2) e A : Ext$(V, A) ^ Z w ® r A = A/L W A. 

Hence there is an isomorphism 9 A = ctA e j)®A : Ext^i^fD, T> ® A) — > H n (G; A). 

Proof. We may assume that P = T. Let Qj — Homr(P n -j,F) and df = 
Homr(d^_j,T), This gives a resolution Q* for T> by finitely generated projec- 
tive right modules, with Q n = T. There are natural isomorphisms Homr(Qj,T) = 
P n -j, since the PiS are finitely generated projective modules. If P is a finitely 
generated projective left T-module let Ap A : Homr(P, T) ®r A — > Homr(P, A) be 
the natural isomorphism of abelian groups given by Ap A (q®r a.)(p) — q(p)a for all 
a G A, p G P and q G Homr{P,T). Then Ap^ A and Aq- a induce isomorphisms 

of chain complexes Q* £5>r A — )• Homr(P n -*, A), and P* ®r A — > Homr(Q n -*, A), 
respectively, from which the first two isomorphisms follow. 

The final assertion follows since Z w ® r (X> ® A) = V ®r A. □ 

If D is Z-torsion free then G is a duality group of dimension n, with dualizing 
module V. (See Theorem VIII. 10.1 of [8 .) It is not known whether all the groups 
considered in the lemma are duality groups, even when n = 2. 

Lemma 32. If G satisfies the hypotheses of Lemma \ 31\ and H is a subgroup of 
finite index in G then cup product with id^ is an isomorphism for (G, w) if and 
only if it is so for (H, w\h)- 

Proof. If A is a left Z[G]-module then H n (G;A) £ H n {H;A\ H ), by Shapiro's 
Lemma. Thus if G satisfies the hypotheses of Lemma (3D the corresponding module 
for H is T>\h- Further applications of Shapiro's Lemma then give the result. □ 

In particular, it shall suffice to consider the orientable cases. 

Let ry : Q a —> V be the canonical epimorphism, and let [£] G H n (G;T>) be the 
image of £ G Hornr{P n ,'D). Then £ ® T] : P n <8> Qo — > P ® P represents [£] U idv in 
Ext^(p,V®V). If £ = A Pn ^(q ® r 5) then a^(r)(q) <g> r <S) = [£]. There is a chain 
homotopy equivalence j* : Q„ — >■ P* ® G:, , since P* is a resolution of Z. Given 
such a chain homotopy equivalence, ep^Q^] Ui(%) is the image of (£ <8"7)(j n (l*)), 
where 1* is the canonical generator of Q n , defined by 1*(1) = 1. 

Theorem 33. Let G be a finitely presentable, 2- dimensional duality group, and let 
w : G — > Z x &e a homomorphism. Then Cq w is an isomorphism. 

Proof. Note first that G satisfies the hypothesis of Lemma RTfl with n = 2. Let 
P = (X | P) v be a finite presentation for G. (We shall suppress the defining 
epimorphism (p : F(X) — > G where possible.) After introducing new generators 
x' and relators x'x, if necessary, we may assume that each relator is a product of 
distinct generators, with all the exponents positive. The new presentation P' has 
the same deficiency as P. We may also assume that w = 1, by Lemma l32l 
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The free differential calculus gives an exact sequence 

P 3 = n 2 {C(V)) -^P 2 = T(p 2 r ;r e R) -»• Pi = r(p£; x € X) ^ P =T ^ Z ^ 

in which dp x = x — 1 and dp\ — Y^ xe xr x p x , where r x — for r G R and x G X. 
Moreover, P 3 is projective and 83 is a split monomorphism, since c.d.G = 2. 

Suppose first that the 2-complex C(V) associated to the presentation is aspher- 
ical. (This assumption is not affected by our normalization of the presentations, 
for if C{V) is aspherical then G is efficient, and x(C(V')) = def(V) = x{C{V)). 
Hence C(V) is also aspherical, by Theorem 2.8 of [25].) Then P3 = and the above 
sequence is a free resolution of Z. The modules Q and Q 1 have dual bases {q x } 
and {q^}, respectively. (Thus q x (Py) = 1 if a? = 3/ and otherwise, and q®(Ps) = 1 if 
r = s and otherwise.) Then 91* = E^gx^ -1 — l)^ and dq x = S re _Rr^g°. After 
our normalization of the presentation, each r x is either or in F(X), for all r G R 
and x G X, and so r x - 1 = d{H ve x^§fp\)- 

Define j» in degrees 0, f and 2 by setting 

io(g°) = for 

hill) = 1 ® 9* ~ ^r, y r^(-g^pl ® ? r ) for ^ ^ A, and 

j 2 (l*) = 1 ® 1* - ExexaT 1 ^ ® g£) - E refl (p' ® g°). 
(We do not need formulae for the higher degree terms.) Then 

dji(ql) - Mdql) = E r6 *(l ® r^ ) - Z r ,yM^(y - 1) ® g r °) - E refl r^(l ® g°) 

= S reR [(l ® F^g°) - fj((r K -1)0 g°) - ® g°)] = 0, 
and so 9ji = jod. Similarly, 

dj 2 (l*)-h(dl*) = S,[f®(x- 1 -f)^-x- 1 ((x-l)® 9 i)+E r ( a; - 1 (pi®^°)-r :c ^®g r )] 

<9y 



-E^x" 1 - 1)[1 ® g* - E ri3/ r^(^p^ ® g°)] 



= E nx [a; _1 (^ ®r^g°) - r xPx ® q° r + E y (x 1 - l)r^(^-p\ ® g°)]. 

It shall clearly suffice to show that the summand corresponding to each relator r is 0. 
After our normalization of the presentation, we may assume that r = x\ . . . x m for 
some distinct x\, . . . ,x m G X. Let = r Xi , for 1 < i < m. Then r; = x\ . . 1, 
for f < i < m, so r^Xj = r i+1 if i < to and r m x m = r = 1 in G. Moreover, ^ = rj 

if y = Xj, for some 1 < j < i, and is otherwise. Let Sij = r~ 1 (rjp Xj ® g°), 
for 1 < j : < i < to. Then a;~ S m ,j = for all j < m, and so the summand 

corresponding to the relator r in 572(1*) — ji(dl*) is 

E;< m (x i S'^i — Sij + Ej^^Xj Sjj — 

— Ei< m (S , i+i j i — + Ei< m Ej < i(S'i + i j- — Sij)). 

This sum collapses to 0, and so dj 2 = jid. 
We then have 

(A P2l5 (q s ®r S) ® = -E refl (g°(^)5 ® r r?(g°)), 
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which has image —8 (g>r vils) m ^ ®r 2?. Therefore [£] U zc% = — &p(t([£])) for 
£ £ H 2 (G; T>), where r is the (Z- linear) involution of H 2 (G; V) given by T(atp(/9(g>r 
a)) = «p(a ®r p)), and so c 2 G w is an isomorphism. 

If C(V) is not aspherical we modify the definition of the dual complex Q* by 
setting Qi = Homr(Pi,T) © Homr(P3,F) and extending the differential by s^, 
where sd 3 = idp 3 . Let / : Pg — > V s be a split monomorphism, with left inverse 
5 : V s —> Pg . Fix a basis {ei, . . . , e s } for V s , and define a homomorphism /i : F — >• 
r ® T s by /i(ei) = 1 e^. Then we may extend ji by setting ji = (1 (gi </)/i/ on 
Pj. □ 

In [29 1 we gave closed formulae for ,? 2 (1*) for some simple (un- normalized) presen- 
tations of groups of particular interest. We should have also given the appropriate 
form of ji explicitly, for there we used the relators to simplify the derivatives r x , 
which in general are sums of monomials E^ir^, and such simplifications affect the 
second derivatives ^j L - It is safer to calculate such derivatives in I\F(X)] before 
using the relators to simplify their images in T. 

Similar formulae show that cp w is an isomorphism for F free of finite rank r > 1 . 

16. REALIZING ^-INVARIANTS 

It follows from the Whitehead sequence that H 3 (L;Z) = and f/zi(L;Z) = 
rw(LI), since L ~ K (II, 2). Hence the spectral sequence for the universal covering 
Pl ■ L — > L gives exact sequences 

Ext\ M (Z, n) = H 2 (rr; II) H 2 (L; II) Hom ZM (II, n) = End(n) 0, 
which is split by the homomorphism H 2 (a; II) induced by a section a for cl, and 

0^Extl M (n,7r 3 (X)) -^H\L;it 3 {X)) Hom z[7T] (T w (n),TT 3 (X)) -> 0, 

since c.d.n < 2. The right hand homomorphisms are the homomorphisms induced 
by pl, in each case. (There are similar exact sequences with coefficients any left 
Z[7r]-module .4.) If feaCX") = Pl^PO * s an isomorphism its orbit under the action 
of Aut^-K^X)) is unique. If 7r has one end the spectral sequence for px '■ X — > X 
gives isomorphisms Ext%^(U, A)) = H A (X;A) for any left Z[7r]-module A, and so 

fx,2 induces splittings H A (L; A) ^ # 4 (X; A) © # 4 (iT(n, 2); 4)". 

If X is a PD 4 -complex with 7Ti(X) = rr then H 3 (X; Z) = ff 4 (X; Z) = 0. Hence 
fc 2 (X) : rv(n) — > n 3 {X) is an isomorphism, by the Whitehead sequence. The 
homotopy type of X is determined by 7r, w and the orbit of k2(X) under the actions 
of E (L) and Awt(FV(II)). We would like to find more explicit and accessible 
invariants that characterize such orbits. We would also like to know which k- 
invariants give rise to P /^-complexes. 

Let P(k) denote the Postnikov 3-stage determined by k 6 H 4 (L;T\y(n))- 

Theorem 34. Let it be a finitely presentable, 2- dimensional duality group, and let 
w : 7T — > Z x be a homomorphism. Let II = P 2 Z and let k G H A {L; rw(LI)). Then 

(1) There is a finitely dominated A-complex Y with H 3 {Y;1,) = Hi(Y;Z) = 
and Postnikov 3-stage P(k) if and only if p* L k is an isomorphism and P(k) 
has finite 3-skeleton. These conditions determine the homotopy type ofY. 

(2) If n is of type FF we may assume that Y is a finite complex. 
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(3) H 4 (Y;Z W ) = Z and there are isomorphisms Hp(Y;Z[tt}) ^ P 4 - P (Y; Z[tt]) 
induced by cap product with a generator [Y], for p =/= 2. 

Proof. Let Y be a finitely dominated 4-complex with H 3 (Y; Z) = H 4 (Y; Z) = and 
Postnikov 3-stage P(k). Since Y is finitely dominated it is homotopy equivalent to 
a 4-complex with finite 3-skeleton, and since P(fc) may be constructed by adjoining 
cells of dimension at least 5 to Y we may assume that P(k) has finite 3-skeleton. 
The homomorphism p* L k is an isomorphism, by the exactness of the Whitehead 
sequence. 

Suppose now that p* L k is an isomorphism and P(k) has finite 3-skeleton. Let 
P = P(fc)M and let C* = C*(P) be the equivariant cellular chain complex for P. 
Then C q is finitely generated for q < 3. Let B q < Z q < C q be the submodules 
of g-boundaries and g-cycles, respectively. Clearly Pi(C») = and H 2 {C Se ) = LT, 
while H 3 (C*) = 0, since p* L k is an isomorphism. Hence there are exact sequences 

->• Pi -> d C -> Z -> 

and 

o ->• b 3 ->• c 3 ->• z 2 ->■ n ->• o. 

Schanuel's Lemma implies that Pi is projective, since c.d.7r = 2. Hence C*2 — 
Pi © Z2 and so is finitely generated and projective. It then follows that P3 is 
also finitely generated and projective, and so C4 = P3 © Z4. Thus H^C*) = Z4 is 
a projective direct summand of C4. 

After replacing P by P V W, where W is a wedge of copies of S 3 , if necessary, 
we may assume that Z4 — H±{P; Z[ir}) is free. Since Lw'(n) = ^(P) the Hurewicz 
homomorphism from ^(P) to P4(P;Z[7r]) is onto. (See §3 of Chapter I of [S].) 
We may then attach 5-cells along maps representing a basis to obtain a countable 
5-complex Q with 3-skeleton = P(k)^ and with H q (Q;Z) = for q > 3. 
The inclusion of P into P(k) extends to a 4-connected map from Q to P(k). Now 
C*(Q) is chain homotopy equivalent to the complex obtained from C* by replacing 
C4 by P3, which is a finite projective chain complex. It follows from the finiteness 
conditions of Wall that Q is homotopy equivalent to a finitely dominated complex 
Y of dimension < 4 |41) . The homotopy type of Y is uniquely determined by the 
data, as in Lemma 2. 

If 7r is of type FF then Pi is stably free, by Schanuel's Lemma. Hence Z2 is also 
stably free. Since dualizing a finite free resolution of Z gives a finite free resolution 
of n = E 2 Z we see in turn that P3 must be stably free, and so C*(Y) is chain 
homotopy equivalent to a finite free complex. Hence Y is homotopy equivalent to 
a finite 4-complex [41] . 

Let P* and P* be the subcomplexes of C* corresponding to the above projective 
resolutions of Z and n. (Thus Dq = Cq, D\ = Ci, P2 = Pi and P 9 = for 
<7 7^ 0,1,2, while P 2 = Z 2 , E 3 = C 3 , P 4 = P 3 and P r = for r ^ 2,3,4.) 
Then C*(Y) ~ P* © P*. (The splitting reflects the fact that cy is a retraction, 
since fci(Y) = 0.) Clearly HP{Y;Z[ir}) = P 4 - P (Y; Z[tt]) = if p ^ 2 or 4, while 
P 4 (Y;Z[tt]) = P 2 n = Z and H 4 (Y;Z W ) = Tor 2 (Z w ;U) = Z w ^ Z[tt] = Z. 
The homomorphism e w # : H 4 (Y;Z[ir}) — > P 4 (Y;Z UI ) induced by e w is surjective, 
since Y is 4-dimensional, and therefore is an isomorphism. Hence — D [Y] induces 
isomorphisms in degrees other than 2. □ 
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Since H 2 {Y;Z[tt}) ^ P 2 Z, H 2 (Y;Z[tt}) = II and Hom z[7r] (E 2 Z,U) End{E 2 Z) 
= Z, cap product with [Y] in degree 2 is determined by an integer, and Y is a 
PD4-complex if and only if this integer is ±1. The obvious question is: what is this 
integer? Is it always ±1? The complex C* is clearly chain homotopy equivalent to 
its dual, but is the chain homotopy equivalence given by slant product with [V]? 

There remains also the question of characterizing the fc-invariants corresponding 
to Postnikov 3-stages with finite 3-skeleton. 

If 7r is either a semidirect product P(s) x Z or the fundamental group of a Haken 
3-manifold M then A' (Z[7r]) = 0, i.e., projective Z[7r]-modules are stably free [40] . 
(This is not yet known for all torsion-free one relator groups.) In such cases finitely 
dominated complexes are homotopy finite. 

Stably free Z[Z 2 ]-modules are free [33]. However if tt = ZxZ is the Klein bottle 
group then T = Z[ZxZ] has nonprincipal ideals J such that J © T = T 2 pQ, while 
"stably free implies free" is apparently not known for the the other P£>2-groups. 

17. ORBITS OF THE k- INVARIANT 

In this section we shall attempt to extend the argument sketched in §14 above for 
the case of PP/2-groups to other finitely presentable, 2-dimensional duality groups. 
We believe that the hypothesis in Theorem [36] below on 2-torsion shall ultimately 
be seen to be unnecessary. 

Lemma 35. Let it be a finitely presentable, 2-dimensional duality group, and let 
w : tt — > Z x be a homomorphism. Let II = P 2 Z. Then there is an exact sequence 

no^n^z™ ® zw iv(n) -> h 2 (tt;F 2 ) -> o. 

If II II is 2 -torsion- free this sequence is short exact. 

Proof. Since tt is finitely presentable II is Z-torsion-free, by Proposition 13.7.1 of 
|18j . and so the natural map from 11011 to r^(Il) is injective. Applying Z w ~ 
to the exact sequence 

o -4 n © n -)• r w (u) -> n/2n -> o 

gives the above sequence, since Z®^] 11/211 = 11/(2, I W )H = H 2 (ir; F2). The kernel 

on the left in this sequence is the image of the 2-torsion group Tor f 7r \z w , 11/211). 

□ 

Theorem 36. Let n be a finitely presentable, 2-dimensional duality group, and let 
w : 7r — > Z x be a homomorphism. Let II = £' 2 Z. Assume that V 0^ rw(II) is 2- 
torsion-free. Then the homotopy type of a minimal PD^-complex X with m(X) = 7r 
and w\(X) = c* x w is determined by its refined vi-type. 

Proof. The homotopy type of a minimal PI?4-complex X with m(X) = tt and 
wi(X) = c* x w is determined by fc = k 2 (X) £ P 4 (i;T w (n)), where n = P 2 Z 
and L = L 7r (II). This class is only well defined up to the actions of Aut(Tw(n)) 
and Eo(L). Since p* L k = k 2 (X) is an isomorphism, by part (1) of Theorem [34] 
we may assume that p* L k = id Tw (jj^, after applying an automorphism of rw/(II). 
Since E (L) = P 2 (?r;n) x: (Aut(Jl) xi Aut(n)) and Aut(IL) = {±1} acts trivially 
on riv(II), the main task is to consider the action of P 2 (7r;il). (We consider the 
action of Aut(ir) in the final paragraph of the proof.) We shall show that this action 
is closely related to the cup product homomorphism c 2 w . 
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Let 4> £ H 2 (tt;H) and let s<f, £ [K,L]k and £ [L,L]k be as denned in 
Lemma |H Let M = 1^(11,3) and let fi : [M,M] K -> [L,£]k be the loop map. 
Since c.d.Tr = 2 we have [M,M] K = H 3 (M;Tl) = End(IL). Let g £ [M,M]it 
have image [g] = ir^g) £ End(H) and let / = Qg. Then oj([g]) — f*tn,2 defines 
a homomorphism ui : End(H) H 2 (L;H) such that p* L uj{[g\) — [g] for all [g] £ 
_Eri(i(n). Moreover fp — p(f,f), since / = Vtg, and so //i^ = p(f s^cl, f)- Hence 

= e + ^ 

for£ = uj([g\) = /*tn,2- Naturality of the isomorphisms H 2 (X; A) = [X, L ff (>l, 2)]^ 
for X a space over K and „4 a left Z[7r]-module implies that 

for all <j) £ ff 2 (7r;n) and 3 £ [M, M]*-. (See Chapter 5. §4 of 0.) 

With our present hypotheses the exact sequences of §16 give sequences 

^ Extl [7r] (Z,U) = H 2 (n- 7 n) cl > H 2 (L:tt) pl > End(U) -> 
(split by the homomorphism H 2 (a; IT) induced by a section cr for cl), and 

o^£xi| w (n,iV(n)) ^i? 4 (L;L w (n)) — #nd(iv(ii)) -»• o. 

We shall identify the modules on the left with their images, to simplify the notation. 

If u £ -ff 2 (7r;IT) then h^(u) — u, since c^/i^ = cl- The automorphism of 
End(U) = H 2 (L;U)/H 2 (n;U) induced by h<$, is also the identity, since the lifts 
of htj, are (non-equivariantly) homotopic to the identity in L. Hence there is a 
homomorphism 

<5 : End(Tl) -> iJ 2 (7r ; n) 

such that h*J£) — £ + c* L 8^(p* L £,) for all £ £ -ff 2 (L; IT). Since p£<^ = and h<f,+^ = 
h^hip it follows that 8$ is additive as a function of (/>. Since 7r is a 2-dimensional 
duality group, H 2 (n; IT) = H 2 (tt; Z[ir]) ®z[ir] II = IT <8>z[ w ] IT, and so (f> = p ®„ a for 
some p £ IT and a £ IT. If g £ [M, M]k then 

S<p([g]) = 8^,(p* L uj([g])) = s£a%]) = p®„ [g]{a). 

Similarly, the automorphism of H (L; Lw(IT)) induced by fixes the subgroup 
Ext^,JH,T\v(^l)) and induces the identity on the quotient End(Tw (IT)). Hence 
there is a homomorphism 

U : h 4 (L;T w (u)) -> £zt 2 H (n, r w (n)) = z™ ® zw rv(n) 

such that h*Au) = u + f<f,{u) for all u £ H A (L; rV(n)), and such that /</> = on 

£^ 2 M (n,r w (n)). 

When S = L, A = B = H, and p = q = 2 the construction of §15 gives a cup 
product pairing of H 2 (L; H) with itself with values in H 4 (L; H (g) II). Since c.d 7r = 2 
this pairing is trivial on the image of H 2 (ir;H) ® _ff 2 (7r;n). The maps cl and a 
induce a splitting H 2 (L; U) = H 2 (tt; U) © End(H), and this pairing restricts to the 
cup product pairing of H 2 (ir;H) with End(H) with values in Ext^i (H, H ® n). 
We may also compose with the natural homomorphisms from II ® II to II II and 
IV (II) to get pairings with values in H 4 (L; U n) and H 4 (L; IV (II)). 

Since /i* (£ U £') = U we have also 

U £') = ^(pJO U £ + ^(piO U £' 
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for all G H 2 (L;TT). 

On passing to L ~ AT(II, 2) we find that 

for all f, £' G P 2 (L;LI) and a; G II. (To see this, note that the inclusion of x 
determines a map from CP°° to K(Il, 2), since [CP 00 , K(Tl, 2)] = Hom{Z, LI). Hence 
we may use naturality of cup products to reduce to the case when K(T1, 2) = CP 00 
and a; is a generator of II = Z.) In particular, if EE = A U A with p* L X = idu then 

p* L (E) = 2id Tw( n) and / (EE) = 2(0) U id n = 2^ J0). 

Since = idr w (n)> we havep^(2fc-S) = 0, andso2fc-EE G Ext%,, (II,rV(n)). 
Therefore 2(/ (fc) - 4^(0)) = / (2/c-EE) = 0. Since <g>„. L^ (n) is 2-torsion-free 
f(p(k) = c 2 w (<fr)- Since c 2 TO is an isomorphism, the orbit of k under the action of 
Eq(L) on (p£) (idrv(n)) corresponds to an element of i? 2 (7r;F2), the quotient of 
®z[tt] r^(II) by the image of II OT II, by Lemma 1351 

The refined «2-types II and III are the orbits of the action of Ant (tt) on iP 2 (%\ F2), 
and each is realizable by a minimal PP4-complex, by Theorem 1251 Thus the orbits 
of fc-invariants of minimal PP^-complexes with Postnikov 2-stage L under the ac- 
tions of E (L) and Aut(Tw(TT)) correspond to the refined i^-types, and the theorem 
follows from the corollary to Theorem [55] □ 

The hypotheses of this theorem hold if tt is an orientable PZ?2-group and w = 1. 
(We then have L = K x CP 00 , p* L k ^z 2 ®^ and ftm(k) = 2tz®n = c\ w (t ® x).) 
The conclusion of the theorem holds also when tt is a PP/2-group and to =/= 1, 
although 1 W ®zm rV(II) = Z/2Z for such pairs (tt, w). Can we relax the 2-torsion 
hypothesis to require only that the image of II © w II in Z w ®z[7r] Vw(W) be 2-torsion- 
free? This holds for all pairs (tt, to) with tt a PP/2-group and also for tt = Z* m and 
to = 1, and is easier to check. (See Lemma l38l below for the latter case.) 

When /^(tt;!^) < 1 the orbit structures are unique. 

Corollary 37. If H 2 (tt\¥2) — and LI T II is 2-torsion-free there is an unique 
minimal PD ^-complex realizing (tt, to). Hence two PD '^-complexes X and Y with 
TTi(X) = tt\{Y) = tt are homotopy equivalent if and only if there is an isomorphism 
9 : tti(X) — > tt\{Y) such that w%(X) = w±(Y) o 9 and an isometry of homotopy 
intersection pairings Xx — 9*Xy ■ Q 

If H 2 (tt; ¥2) = ¥2 and Z w ^>zM rW(II) is 2-torsion-free there are two such com- 
plexes, distinguished by whether V2(X) =0 or not. 

The work of [21] suggests the refined t>2-type should suffice to complete the 
classification of minimal PP4-complexes, without the technical hypothesis on 2- 
torsion or the restriction that tt have one end. If, moreover, g.d.ir = 2 then every 
such minimal PP/4-complex should be homotopy equivalent to a closed 4-manifold, 
by Theorem [25] 

Does Theorem 1291 have an analogue for other 2-dimensional duality groups? Let 
X and Z be PP/4-complexes with such a fundamental group tt, with Z minimal, and 
such that (c* x )- 1 w 1 (X) = (c* z )- 1 w 1 (Z). Then [X,Z] K maps onto [X,P 3 (Z)] K , by 
cellular approximation, and 



[X,P 3 (Z)] K = {/G [X,L] K I f*k 2 (Z) =0 in H 4 (X;V w (Vl))}. 
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Can the condition f*k2(Z) = be made more explicit? The map / corresponds 
to a class in H 2 (X;IV) and H 4 (X; IV (II)) = Z w z[7r] IV (II)), by Poincare dual- 
ity for X. Theorem l29l suggests that we should consider the image of f*(ka(Z)) 
in _ff 2 (7r;F2), under the epimorphism of Lemma 1351 Apart from this, we must 
determine when such a map / has a degree- 1 representative g : X — > Z . 

18. VERIFYING THE TORSION CONDITION FOR Z* m 

If 7T is finitely presentable, has one end and c.d.n = 2 but tt is not a P£?2-group 
then H 2 (tt; Z[tt\) is free abelian, by Proposition 13.7.12 of [18] . 

Lemma 38. Let tt = Z* m , w = 1 and II = E 2 7L. Then II W II is torsion-free. 

Proof. The group tt = Z* m has a one-relator presentation (a, t \ ta = a m t) and is 
also a semidirect product Z[-^-] x Z. Let i? = Z[7r] and D = Z[a n ]/{a n +i — a™), 
where a„ = t n at~~ n for n e Z. Then R = ne zi n D is a twisted Laurent extension 
of the commutative domain D. 

On dualizing the Fox-Lyndon resolution of the augmentation module we see 
that H 2 (n;Z[ir]) = R/(a m - l,t-fj, m )R and so II = R/R(a m - l,t/x m - 1), where 
\i m = S-^Q i_1 a'. Let E = D/(a m — 1) and let a k / m n be the image of a k _ n in E. 
Then E is freely generated as an abelian group by {a x x £ J}, where J — {^r | 
< n, < k < m n+1 }. Since ta\_ n = <x* n i we have II = ® nez t n E/ ~, where 

Therefore II II = ® meZ {t m E < m £0/ ~, where 

t m n G)t m n ~t m+1 n n , (^t m+1 ii n , 
Setting z — y — x this gives 

t m a x (l a z ) ~ t m+1 a x/m ([i m fi m a z/m ) = t m+1 a x/m (K ^"^'(l a^a^)). 

Define a function / : E -> II II by /(e) = 1 e = e 1 for e e £. Then 
= a x f{a m -x) for all £, since «i0l = «i(l0 a m _ K ). On factoring out the 
action of tt we see that 

n 0^ n S P/(a 2 - a m _ z , a z - m(E^Z™ _1 a fc a 2/m ) G J). 

(In simplifying the double sum we may set k = j — i for j > i and k = j + m — i 
otherwise, since a m a z / m = a z / m for all z.) Thus II 0^ II is a direct limit of free 
abelian groups and so is torsion-free. □ 

If moreover Z T 11/211 = H 2 (tt; F 2 ) = then II 0^ II = Z z[7r] T W (U). Thus if 
tt = Z* m with m even Z®z[ T ] rw(II) is torsion- free. This group is also torsion- free 
for Z*i = Z 2 ; does this hold for all ml 

19. 4-MANIFOLDS AND 2-KNOTS 

In this section we shall invoke surgery arguments, and so "4-manifold" and "s- 
cobordism" shall mean TOP 4-manifold and (5-dimensional) TOP s-cobordism, 
respectively. 

Suppose that tt is either the fundamental group of a finite graph of groups, with 
all vertex groups Z, or is square root closed accessible, or is a classical knot group. 
(This includes all P-D2-groups, semidirect products F{s) xZ and the solvable groups 
Z* m .) Then Wh(Tr) = 0, Lq(tt,w) acts trivially on the s-cobordism structure set 
S^ p(M) and the surgery obstruction map a^M) : [M,G/TOP] — > L^tt.w) is 
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onto, for any closed 4-manifold M realizing (tt, w). (See Lemma 6.9 and Theorem 
17.8 of [25].) 

If, moreover, u; 2 (M) = then every 4-manifold which is homotopy equivalent 
to M is s-cobordant to M, by Theorem 6.7, Lemma 6.5 and Lemma 6.9 of [Hi]. If 
W2(M) ^ there are at most two s-cobordism classes of homotopy equivalences. Af- 
ter stabilization by connected sum with copies of S 2 x S 2 there are two s-cobordism 
classes, distinguished by their KS smoothing invariants (see [3~1"]V 

If tt is solvable (e.g., if tt = 1? or Z x_i Z) then 5-dimensional s-cobordisms are 
products and stabilization is unnecessary, so homotopy equivalent 4-manifolds with 
fundamental group tt are homeomorphic if the universal cover is Spin, and there 
are two homeomorphism types otherwise, distinguished by their KS invariants. 

The Baumslag-Solitar group Z* m has such a graph-of-groups structure and is 
solvable, so the 5-dimensional TOP s-cobordism theorem holds. Thus if m is even 
the closed orientable 4-manifold M with tt\(M) = Z* m and x(M) = is unique 
up to homeomorphism. If m = 1 there are two such homeomorphism types, distin- 
guished by the second Wu class V2(M). 

Let tt be a finitely presentable group with c.d.TT — 2. If H±(tt; Z) = tt/tt' = Z and 
#2(71"; Z) = then def (tt) = 1, by Theorem 2.8 of [25]. If moreover tt is the normal 
closure of a single element then tt is the group of a 2-knot K : S 2 — > S* 4 . (If the 
Whitehead Conjecture is true every knot group of deficiency 1 has cohomological 
dimension at most 2.) Since tt is torsion- free it is indecomposable, by a theorem of 
Klyachko J32J. Hence tt has one end. 

Let M = M(K) be the closed 4-manifold obtained by surgery on the 2-knot K. 
Then tti(M) = tt = ttK and x(M) = x( 7r ) — 0, and so M is a minimal model 
for tt. If K is reflexive it is determined by M and the orbit of its meridian under 
the automorphisms of tt induced by self-homeomorphisms of M . If tt — F(s) x Z 
the homotopy type of M is determined by tt, as explained in §4 above. Since 
iJ 2 (M;F 2 ) = it follows that M is s-cobordant to the fibred 4-manifold with 
# S (S 2 x S 1 ) and fundamental group tt. Knots with Seifert surface a punctured 
sum # S (S" 2 x S 1 ) are reflexive. Thus if K is fibred (and c.d.TT — 2) it is deter- 
mined (among all 2-knots) up to s-concordance and change of orientations by tt 
together with the orbit of its meridian under the automorphisms of tt induced by 
self-homeomorphisms of the corresponding fibred 4-manifold. (This class of 2-knots 
includes all Artin spins of fibred 1-knots. See §6 of Chapter 17 of [3S] for more on 
2-knots with c.d.ir = 2.) 

A stronger result holds for the group tt = Z* 2 - This is the group of Fox's 
Example 10, which is a ribbon 2-knot [16]. In this case tt determines the homotopy 
type of M(K), by Lemma [38] and Theorem [36] Since metabelian knot groups have 
an unique conjugacy class of normal generators (up to inversion) Fox's Example 10 
is the unique 2-knot (up to TOP isotopy and reflection) with this group. (If K is 
any other nontrivial 2-knot such that ttK is torsion-free and elementary amenable 
then M(K) is homeomorphic to an infrasolvmanifold. See Chapters 16-18 of 25 .) 

Let A = Z[Z]. There is a hermitian pairing B on a finitely generated free A- 
module which is not extended from the integers, and a closed orientable 4-manifold 
Mb with tti(M) = Z and such that the intersection pairing on ^(Afs) is equivalent 
to B. In particular, Mb is not the connected sum of S 1 x S 3 with a 1-connected 
4-manifold [22]. Let Nb C Mb be an open regular neighbourhood of a loop rep- 
resenting a generator of tti(Mb). Suppose that A is a closed 4-manifold with 
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fundamental group 7r and that there is an orientation preserving loop 7CI whose 
image in tt/tt' generates a free direct summand. (For instance, there is such a loop 
if X is the total space of an 5 2 -bundle over an aspherical closed surface F with 
fii(F) > 1). Then 7 has a regular neighbourhood homeomorphic to Nb, and we 
may identify these regular neighbourhoods to obtain N = Mb Usi X £>3 X. The 
inclusion of (g) into tt and the projection of it onto Z mapping g to 1 determines 
a monomorphism 7 : A — > Z[7r] and a retraction p : Z[7r] — > A. In particular, 
A ®z[p] (^W ®z[7] -S) — -S- It follows that as £? is not extended from Z neither 
is Z[7r] <8>z[7] B. Therefore N is not the connected sum of E with a 1-connected 
4-manifold. 
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